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Abstract: Space group theory is pivotal in the design of nanophotonics devices, enabling the
characterization of periodic optical structures such as photonic crystals. The aim of this study is
to extend the application of nonsymmorphic space groups in the field of numerical analysis for
research and design of nanophotonics devices. In this work, we introduce the nonsymmorphic
symmetry adapted finite element method and provide a systematic approach for efficient band
structure analysis of photonic structures with nonsymmorphic groups. We offer a formal and
rigorous treatment by specifically deriving the boundary constraint conditions associated with
the symmetry operations and their irreducible representations, and decomposing the original
problem into different subtasks. Our method fully accounts for non-primitive translations and
nonstructural symmetries like time-reversal symmetry and hidden symmetries. We demonstrate
the effectiveness of our method by computing the band structure of photonic structures with a
rod group, a plane group, and a space group. The results exhibit excellent agreement with those
obtained using the standard finite element method, showcasing improved computational efficiency.
Furthermore, the decomposition of the original problem facilitates band structure classification
and analysis, enabling the identification of the different bands among the band structure in various
subtasks. This advancement paves the way for innovative designs in nanophotonics.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Space group theory plays a significant role in photonics [1-3], condensed matter physics [4—6],
and numerical computation [7—11] by fundamentally describing how symmetry affects the
interactions of light fields with matter. In recent years, with the development of topological
optics, there has been increasing interest in how to use symmetry to construct periodic optical
structures such as photonic crystals and metasurfaces with novel characteristics, where space
groups effectively characterize their properties. In group theory, space groups are categorized into
two types: symmorphic and nonsymmorphic, each with distinct properties. Symmorphic groups
can induce topologically protected photonic states [12—14] and enhance optical nonlinearities
[1,15] as well as other topological phenomena. Nonsymmorphic groups, in particular, are
more complex as they incorporate operations that combine point groups with non-primitive
translation, such as glide reflections and screw rotations [16]. Nonsymmorphic groups have
opened up a rich field for intriguing topological phenomena. For example, when combined
with time-reversal symmetry, they can lead to Kramer-like optical degeneracy. Meanwhile,
they play an important role in the discovery of new phases, such as topological insulators
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[17-20], and topological semimetals [21-23]. Furthermore, they can facilitate and protect the
emergence of exotic fermionic quasiparticles, including Dirac, Mobius, and hourglass fermions
[24]. Moreover, the introduction of symmetry protection through nonsymmorphic symmetries
results in distinct characteristics such as band sticking and crossings [20,25]. The differences
between nonsymmorphic groups and symmorphic groups have greatly enriched the design
of photonic devices, such as photonic crystals [26—28], metamaterials [29,30], waveguides
[31-33], and topological couplers [34], which leverage these symmetries to achieve extraordinary
performance.

Space groups are invaluable not only for theoretical analysis of the unique properties of
optical devices but also for simplifying their computational analysis. For instance, the minimum
computation domain (MCD) is usually restricted to a single unit cell in real space by using
the Bloch boundary condition, and band structure analysis can also only be considered in the
irreducible first Brillouin zone (FBZ). In recent years, the increased complexity of photonic
devices presents challenges for numerical analysis, rendering the symmetry adaptive numerical
simulation tool a promising solution, evident from the recent development shown in Fig. 1(a)
[7-11]. Notably, the continuous rotational or translational symmetry has been routinely utilized
in reducing the three-dimensional simulation problems into two dimensional problems [7].
Additionally, within the framework of group theory, systematic approaches have been developed
to leverage point groups to reduce computational domains for structures exhibiting symmorphic
symmetries [§—10]. Indeed, as shown in Fig. 1(b-d), the original problem is decomposed into five
decoupled sub-tasks, and only one-eighth of the entire domain is needed as the MCD (highlighted
by the magenta region), which can further be used to fully recover the original problem [10].
Furthermore, upon introducing the Bravais lattice, one is able to analyze metasurfaces and
photonic crystal structures based on symmorphic space groups [8,11]. Interestingly, photonic
devices with glide and screw symmetries have also drawn certain attention due to the unique
features. For example, Mohammad Bagheriasl converted glide structures into non-glide structures
using the transfer matrix method [35], and employed multiple waveguide modes to derive the
dispersion diagram of a line using a multi-modal transmission matrix [36]. In light of the
aforementioned work, the comprehensive and systematic study on developing nonsymmorphic
symmetry adapted numerical simulation tools remains elusive.

In previous work, computations for degenerate modes were achieved using point groups, as the
influence of lattice was not considered [9—-11,37]. However, as the non-primitive translation in
the Bravais lattice is included, different momentum positions in reciprocal space exhibit distinct
irreducible representations, as shown in Fig. 1(g) [38]. In point group, the degenerate modes
Y1, computed by sub-task E corresponding to the second-order representation, can be fully
decoupled by reconstructing another pair of degenerate modes ¢ > into two sub-task via basis
rotation under C4 symmetry as depicted in Fig. 1(d). In nonsymmorphic groups such as the plgl
group shown in Fig. 1(e), the rectangular unit cell contains a gliding reflection operation denoted
as G, along the dashed vertical line. As shown in Fig. 1(f), to calculate the band structure
of I'-X in k-space, our NSA-FEM decomposes the original problem into two sub-tasks, only
models half of the entire domain, each satisfies different MCD boundary. Because operations
E, i.e., integer lattice vector translation and G, both have second-order representation at A, it
is not possible to reconstruct another pair of decoupled degenerate modes, as indicated by the
entanglement of the two degenerate modes shown in Fig. 1(g). Moreover, band degeneracy in
non-symmorphic space groups may not always be fully described by space groups [39], on one
hand, time-reversal symmetry contributes to band degeneracies at band edges; on the other hand,
there may also be hidden symmetries. Therefore, using a point group alone cannot accomplish the
calculation of degenerate modes in a nonsymmorphic group. Additionally, various Bravais lattices
form groups of differing dimensions, including plane groups, space groups, and sub-periodic
groups. Developing a unified approach to handle nonsymmorphic groups across these different
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Fig. 1. (a) The recent development in symmetry adaptive numerical simulation tools.
(b) Modal analysis on the Cy, structure. The original problem are decomposed into five
sub-tasks. (c) The non-degenerate modes computed by sub-tasks A1, By,A3, By; (d) The
symmetry-protected degenerate modes computed by sub-task E. (e) Standard FEM for
band analysis on the plg1 structure, gliding reflection axis denoted as G,; (f) Decomposed
sub-tasks with its own MCD; (g) FBZ and irreducible FBZ (blue region) in k-space along
with corresponding high symmetry points/lines. The nonsymmorphic symmetry-protected
degenerate modes computed by sub-task E.

dimensions remains a significant challenge. Indeed, there is a notable gap in the application of
space group theory to effectively utilize nonsymmorphic symmetries in reducing the complexity
of problems such as searching for new states of matter, discovering novel topological phenomena,
and computing band structures.

In this paper, we provide a systematic study on the symmetry adapted finite element method
applied to photonic structures with the nonsymmorphic space symmetry, and employ this method
to calculate the band structure and the associated eigen modal field. This method takes advantage
of both symmorphic and nonsymmorphic groups to simplify computational complexity. The
eigenmodes are classified by using the character tables from group theory, which incorporates
the non-primitive translations associated with k-vectors at different locations. Moreover, taking
into account the effect of nonstructural symmetries, i.e., time reversal symmetry, we consider
irreducible representations of the full-group induced by k. Additionally, space groups with
different dimensions can be equally described by character tables. As such, the original modal



Research Article Vol. 33, No. 20/6 Oct 2025/ Optics Express 41572 |
Optics EXPRESS A N \

problem is decomposed into several decoupled sub-tasks, each of which corresponds to different
symmetry types, as shown in Fig. 1(e-g). Once these sub-tasks are solved, the original problem
can be fully recovered. Compared to the standard finite element method (FEM), each completely
decoupled sub-task in our method involves fewer degrees of freedom (DOFs) and also facilitates
the implementation of parallel computation within certain algorithmic framework. Thereby, the
total computational time could be reduced significantly. In summary, our work fundamentally
extends the symmetry adapted FEM framework based on space group theory, with the capability
of speeding up the computation of any complex 3D photonic crystals exhibiting nonsymmorphic
group symmetries.

2. Theory and methods
2.1. General framework

For ease of description, we consider the structure shown in Fig. 1(e), which illustrates the lattice
structure of a photonic crystal. This structure belongs to the rectangular lattice category. The
plane group index of the photonic crystal grating is plgl (number 4), possessing only a single
glide operation, namely G, = {My|‘r}. We use the Seitz operator [40] denote a space group
operation, where G, represents a glide operation with the non-primitive translation along the
x-axis, M, represents a mirror operation with the mirror plane normal along the y-axis, and
T = %)? represents the non-primitive glide translation vector. Additionally, as shown in Fig. 1(g),
in reciprocal space, we use a to describe the location of the wave vector, as well as the relationship
between distinct irreducible representations with its location. Here, a represents fractional
coordinates.

In the standard FEM, the computational domain encompasses the entire periodic unit cell, and
the electric field satisfies the source-free vector wave equation [41]

VX'V X E(r) - K2€,E(r) = 0, (1)

where VX denotes the curl operator, 1,/€; is the relative permeability(permittivity) tensor, and
ko is the vacuum wave number. The unit cell boundary (indicated by the purple solid line in
Fig. 1(e)) employs the Bloch boundary conditions to effectively simulate the periodic structure,
which satisfy the equation

Ef(r) = e*®EF(r + R),), )

where R, represents the primitive translation transformations. Moreover, the concept of the
Brillouin zone is as important in the calculation of the band structure of photonic crystals as
the phase factor ¢’* B of the Bloch boundary conditions are related to k which represents the
wave vector. A Brillouin zone is defined as a Wigner-Seitz primitive cell in the reciprocal space
(k-space). FBZ is the smallest volume entirely enclosed by planes that are the perpendicular
bisectors of the reciprocal lattice vectors drawn from the origin [42]. The smallest region
within the Brillouin zone where k are not related to symmetry is called the irreducible FBZ.
Figure 1(g) shows the FBZ and the high-symmetry lines/points in the k-space, the blue region
shows irreducible FBZ. Typically, band structures and modes are analyzed only within the
irreducible FBZ.

Considering the influence of the Bravais lattice, nonsymmorphic symmetries exhibit distinct
irreducible representations (Irreps) at different k-vectors because of the non-primitive translation.
For example, along the high symmetry momentum lines, such as at location A, which Irreps
can be obtained by using the normal-subgroup induction method described in Supplement 1
[38,43]. The Irreps corresponding to the operations are depicted in Fig. 1(g). The operation
E = {1]t1, 12} corresponds to the Bloch boundary condition. By employing the nonsymmorphic
symmetry operation G, = {my I%, 0}, we can get the other half of the structure from one half of
the structure by the transformation G,. Thus, we can modal only half of the structure, referred to
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as the MCD, as illustrated in Fig. 1(f). The original problem corresponding to standard FEM is
decomposed into decoupled(multiple) sub-tasks, each associated with a class of the symmetry
group. In addition to the boundary constraints on the original outer boundary, each sub-task must
also satisfy the boundary constraints related to the symmetry constraints on the MCD boundary.
We refer to this method as nonsymmorphic symmetry adapted FEM (NSA-FEM).

Although the NSA-FEM involves multiple sub-tasks, the size of the computational domain
are significantly reduced. As shown in Fig. 2(a), due to the nonlinear relationship between
computation time and the size of the computational domain, this method significantly improves
computational efficiency for larger-scale problems by reducing the size of the computational
domain and the number of modes associated with each decoupled sub-task. Moreover, this
improvement becomes particularly significant as the random-access memory(RAM) approaches
the computer’s installed RAM. Furthermore, the complete decoupling of these sub-tasks allows
for enhanced computational efficiency through parallel computing techniques. Consequently, the
NSA-FEM markedly improves computational efficiency compared to standard FEM.

(@ — Used RAM 1 (b) ( Identify nonsymmorphic symmetry )

computaion time

standard - - - - -
FEM * (i Irreps of the little-group with k ) (O Full-group irreps induced with k*)

&z | Installed RAM l
( Decompose probelm into sub-tasks )

* ( Determine boundary constrains )
NSA-FEM l
Size of computation domain ( Adapted FEM method )

Fig. 2. (a) As the size of computational domain varies, the RAM and computational time of
the FEM also fluctuate. (b) The general procedure of the NSA-FEM.

The implementation procedure of NSA-FEM is shown in Fig. 2(b), divided into five steps.

1. Identify the nonsymmorphic symmetry of the calculated structure and determine the
irreducible FBZ.

2. Select the Irreps of the little group at k or the full-group Irreps induced at k* based on the
symmetry properties and degeneracy.

3. Decompose the original problem into sub-tasks based on the selected character table.

4. Determine the symmetry constraints for each sub-task from the selected symmetry
properties, and derive the boundary constraints that can be applied to FEM.

5. Apply the corresponding boundary constraints to the sub-tasks and solve them to obtain
the band of different symmetry types.

For Steps 1 and 2, we can first determine the generators based on the structure. The generators
are a minimal set of symmetry operations that can be used to generate all other symmetry
operations. Through the generators, we can look up to get the corresponding nonsymmorphic
group, and further look up to determine its irreducible FBZ. Once the nonsymmorphic group
and irreducible FBZ of the computational structure are determined, the Irreps associated with
them can be identified. Through this group, it is possible to obtain the Irreps of the little group,
as well as the symmetry operations at different high-symmetry momentum points (k-vectors)
that lie on the boundaries of the irreducible FBZ. These symmetry operations are utilized to
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truncate the computational domain and decompose the original problem into sub-tasks according
to the Irreps. In special cases, such as mode degeneracy due to time-reversal symmetry, the
symmetry constraints can also be obtained using the full-group Irreps induced from kx. The
details will be discussed in Section 2.2. For Steps 3 and 4, the different classes within the Irreps
have different characters, leading to variations in the MCD boundary conditions. This results in
the decomposition of the original problem into several sub-tasks associated with the classes of
the Irreps, which will be discussed in Section 2.3. For Step 5, the application of FEM to handle
the matrix of eigenvalue problem under nonsymmorphic symmetry constraints, which are based
on the derived boundary conditions, will be discussed in Section 2.4.

22

The 2D plane group can be seen as a projection of the 3D space group. All generators and general
positions of the space groups as well as the Irreps of the space groups can be referred to in the
Bilbao Crystallographic server [44]. For instance, the plgl plane group can be equivalently
regarded as a particular surface within the space group Pc (number 7) and can be referred to in the
Bilbao Crystallographic server. The Irreps of each high symmetry k-vector and the corresponding
symmetry operations are tabulated in Table 1, where the location is denoted by reciprocal lattice
vectors by and by as k = (m, n) = mby + nb;.

Irreps induced with k or kx

Table 1. Irreps of the high symmetry k-vector for plane group p1g1

Location Seitz Symbol Representation Irreps origin
r:0.0) {1|t1, 5} 1 1
{mo; 3,0} 1 -1
Aa0) {l|t1, 12} eizlmla €i2nt1a A
(o1 |%’0} pima oi(1+a)
X;(%,o) (|t} oI oI
{mo1 3.0} i i
o7 (11+20a) 0
/\:(%,a) .22} ( 0 o7 (11+20a) ) k+
{mo; 3,0} ( _01 (l) )
M:(%, %> {1|t1,0} PG o)) eimltisty)
{mo1 3.0} i i
e %) {1|t1, 12} eur(Z.tlaHz) em-(211a+r2) i
{mor[3.0} e et
Vi, %) {1)t1, 1) ot o7
{mor 14,0} 1 -1

From the fact that any element of the group {R|t + R,,} can be expressed as a combination of a
translation {E|R, } and a coset representative {R|7} as presented in Eq. (S1), it follows that Irrep
matrices of {R|T +R,,} are equal to products of the type DX({R|7 +R,,}) = D*({E|R,,})D*({R|7}).
Thus, in Table 1, the first row of every k-vector’s Seitz symbol corresponds to a general translation
{E|R,} while the second row shows the data of the representative {R|7} of the coset decomposition
of the little group with respect to its translation subgroup. Furthermore, the sub-table composed of
the operations under the Seitz symbol and their representations corresponds to the character table
[45]. The operations form the classes, and the representations are the allowed representations
obtained from the isomorphic group. For more details, see Supplement 1.
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In Fig. 1(f), the red boundary indicates that the k-vector at this boundary exhibits glide
symmetry, whereas the blue boundary signifies the absence of such symmetry.

On the red boundary, the Irreps are induced from the allowed Irreps of the little group ¢GX.
The normal-subgroup induction method for the calculation of space groups Irreps was described
in Supplement 1. The main steps of the induction involve the identification of the second kind
subgroups Gy and the quotient group Gy /Ty, the determination of the corresponding little groups
and the allowed representations, and finally, induce the Irreps of the space group from the allowed
representations.

In the aforementioned discussion of the red boundary, the time-reversal symmetry is not
included. In contrast, on the blue boundary, the time-reversal symmetry exists and plays a
significant role. Thus, we need to consider the Irreps with respect to complex conjugation, or as it
is commonly referred to, with respect to ’reality’. Once the reality of Irrep has been determined
and, for the complex Irreps, the pairs of conjugated Irreps have been identified, the time-reversal
(TR)-invariant irreps can be constructed. Furthermore, the Irreps are induced with the arms of
the star k+, which precedes the table of the matrices of the full-group Irreps D¥*/ of G induced
from the allowed irreps D*/ of the little group G*. In summary, we can employ the full-group
Irreps to jointly solve for the arms of the star (k] = (m,n)) and (k3 = (m, —n) ), thereby obtaining
a set of degenerate solutions; see details in Supplement 2 [46].

2.3. Problem decomposition and the symmetry constraint of boundary condition for
each sub-task

Once the Irreps of the symmetry group is determined, the corresponding character table can be
used to decompose the original problem. For instance, as shown in Table 1, the glide symmetry
categorizes all modes into two different symmetry types. Using the high symmetry momentum
A and A as an example, one is able to decompose the original problem into two decoupled
sub-tasks, since the two types of representations at A are one-dimensional (1D). In contrast, the
representation at A is two-dimensional (2D), which involves two sub-tasks and the degeneracy
of two different symmetry types, each corresponding to a distinct symmetry modal type. This
decomposition inherently facilitates band structure classification and analysis, enabling the
identification of the different bands in various sub-tasks prior to the completion of computations.
By definition, applying the Seitz operator to a vector field E(r) will result in the following
transformation,

P({RI7 + Ru}))Ey (r) = DY({RIT + R, })Ey (1), 3)

P({RIT + R, })Ey (r) = {RIT + R,}Ey({RIT + R,}"'r), “

where Ey (r) is the electric field of mode . D¥({R|t + R,}) is the matrix form of irreducible
representation corresponding to the symmetry operation ({R|t + R,}), which describes the
constraints imposed by symmetry on modes of different sub-tasks. The trace of D¥({R|r + R,}),
known as the character, is denoted as y({R|T + R, }). This character can be found in Table 1,
with data sourced from the Bilbao Crystallographic server. Using Eq. (3), we can derive the
boundary constraints of MCD based on the constraints of symmetry ({R|t + R, }). There are two
situations outlined as follows.

* Method 1: If symmetry operation {R|t +R,} acts on non-degenerate modes
Vi, x({R|T + R, }) is reduced into a scalar, and Ey (r) = Ey,(r);

* Method 2: If symmetry operation {R|T +R,} acts on degenerate modes
12,0 XUR|T + Ry }) is a matrix and Ey (r) = [Ey, (), Ey,(r), . .., Ey, (r)].

Consequently, the modal symmetry properties of high symmetry momenta A and A can be
categorized into Method 1 and Method 2, respectively, i.e., A for Method 1 and A for Method 2.
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We employ the glide symmetry {mg;|1/2, 0} alongside Eq. (3) and Eq. (4), and can derive the
symmetry constraints on the MCD boundary at A as follows,

En(rg) = 2™ E(r1). )

Concretely, the MCD boundary L and R shown in Fig. 3(a) are denoted by r; and rz. And the
symmetry constraint on the MCD boundary at A are given as follows,

Ep,(rg,) = Ep, (rp,), (6a)

Ep, (rr1) = —Ep,(rg,), (6b)

where the MCD boundary L;,L,,Ri,R, in Fig. 3(b) are represented by ry,, rr,, rr,, r'r
respectively, and A, A, denotes the generated modal pair.

Therefore, from the Eq. (5) and Eqs. (6), we acquire the boundary conditions associated with
the glide symmetry. With the natural boundary condition, which in this example is the Bloch
boundary condition, corresponding to the {E|R,} operator.

2

(a) (b) ©

% irreps of the little-group with k  Ofull-group irreps induced with k*

k=(u,v) k*=(u,v)  k*=(u,—v) 3
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Fig. 3. (a) Symmetry constraints corresponding to the Irreps of the little group associated
with k. The original rectangular unit cell comprises two gratings and a substrate. (b)
Symmetry constraints corresponding to the full-group Irreps induced with k*. (c) Band
structure of the photonic crystal grating in the rectangular lattice. (d) Non-degenerate modes
; (e) degenerate modes /1 » . ; constrained by operation {my |%, 0}.

2.4. Finite element implementation for modal analysis

We illustrate the basic idea of implementing NSA-FEM using the non-symmorphic symmetric
structure shown in Fig. 3, especially the underlying principle and technical details of handling the
reduced system matrix and dependent variables, as well as how are related with the counterparts
of the original problems. Our target is to calculate the eigen-modal fields associated with the high
symmetry k-points in FBZ, as marked in the band structure (see Fig. 3(b)) calculated from our
approach compared to standard FEM in this section. The two different approach utilize nearly
identical mesh density, i.e., grids per wavelength. In Fig. 3(c), we plot the two lowest bands
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along the loop of I' — X — M — Y on the edge of the FBZ, i.e., the straight lines representing the
calculation results of standard FEM and the point donating results obtained from NSA-FEM,
which show perfect agreement with each other. Figure 3(d) shows the non-degenerate modes ¢/
and ¥, at k=(1/4,0). According to the Eq. (3) and Eq. (4), the full modal field can be obtained
by applying the glide operation to the modal field associated with the MCD multiplied by the
character y({R|t + R,}. In comparison, Fig. 3(e) shows that the degenerate modes i, at
k* =(1/2,1/4) and k* = (1/2,—1/4) transformed into each other under 7 symmetry. Evidently
from the comparison in Fig. 3(d-e), the eigenmode ¢ or i, in non-degenerate case is glide
symmetric by itself, while in degenerate case the eigenmodes ¢ and ¥, form an inseparable
modal-pair, each of which is transformed into its modal-pair parter and vice versa. In the
following, we will give a detailed derivation of how the non-symmorphic symmetry are embedded
in our NSA-FEM, especially for boundary conditions.

For implementation details, we first execute the standard FEM procedure of eigen-value
problem [47] which will lead to matrix form of Eq. (7),

Ax = ABx, )

where A is the eigenvalue corresponding to the frequency, A and B are system matrices, and x
is the eigenvector with the corresponding eigenvalue A. In combination with glide symmetry
and the boundary constraints to calculate non-degenerate modes of sub-task, Eq. (7) can be
reformulated as follows,

Al X1.1 B, X1,1
=41 , (8)
Aip X122 Bip X1

where x 1 /x> are the reduced eigenvectors from the original eigenvectors x by glide symmetry
decomposition associated with the same eigen-mode. As such, We can realize the decomposition
of the original problem by calculating the decoupled sub-matrix, A 1x11 = AB11X1,1 or
A12x12 = ABj2x12, and recover the original field via the following relation between x; ; and x; 2,

x12 = DY(RIT + Ry ){RIT + Ry} ' x1 1. )

For example, in Fig. 3(d), through Eq. (9), we can get the full modal field recovering from the
field in the red box. Moreover, from the boundary constraints in the preceding subsection, i.e.,
Eq. (5), constraints on the DOFs can be derived as follows,

X1,1 = Pxi’l, (10)
T
- I 0 0 ) ) )
where x1; = (xycp,XL,Xg) , P = is the transformation matrix, xj, =
’ 0 I =™ ’

(xpcp»xz)T is the modified DOFs vector, the subscript MCD/L/R represents the DOFs associated
with MCD, the left and right boundary of the MCD respectively, I is the identity matrix, +e/*
coeflicients corresponding to the character. (For detailed information about how to obtain P,
please refer to Chapter 13 of Jin’s book [47].) By using matrix operations and Eq. (10), we can
reformulate A 1x1 = ABj,1x1, as,

PTA1Px], = AP"By ,Px] ;. an
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Furthermore, if there exists degeneracy caused by time-reversal symmetry T, Eq. (7) can be
written in the following form,

Ay O X1,1 By O X1,1

0 Az X2,1 O By X2,1
. S . 1 (12)

Aip O ||xi2 B, O ||xi2

O Ay [\x2 O By [\x22

where x;1/x1 2 and xp,1 /x2» are the reduced eigenvectors from the original eigenvectors x; and
X, corresponding to the Mode ¢ and y,. Similarly, we can calculate the decoupled sub-matrix,

A O \[x11 :/131,1 o’ x1,1, (13)
0" Axi)\x21 0" Byi)\x21

where the block matrices O’ are the extremely sparse, which denote the weak coupling terms
among the diagonal block matrices. It should be noted that the eigenvector to be calculated
consists of two parts of modified eigenvectors, x; | and x21. This is due to the fact that operations
E and G, both have second-order representation at A, thus D* correlates the modified eigenvectors
x1,1 and x, | of the degeneracy modes. For example, in Fig. 3(e), ¥ and ¢, form an inseparable
modal-pair. In this case, Eq. (10) can be written in the following form,

a
x1,1 X
=p| M, (14)
X2.1 ]

Similarly, using matrix operations and Eq. (14), Eq. (13) can be written in the following form,

Awmcp, Bwmcp,
AL o B, o
P Ax P[] < apr B P[], (15)
Anmcp, x5 Bwmcp, X
o Ay, o B,
AR Bg,
X1y T [*L T
where = (XmcD,» XL, >»XMCD,»XL,)" 5 = (XMCD,» XLy > XR, » XMCDy» XLy XR,)
X X2,1
I 0 0 O
07 0 O
0 0 0 I, ) ) )
P = is the transformation matrix, the subscript MCD/L;/R; represents the
0 01 O
0 0 0 I
07 0 O

coefficients within the calculation domain/on the MCD boundary L;/on the MCD boundary R;,
I is the identity matrix, —1 coefficients corresponding to the character. Equation (15) is the
essentially the system matrix that needs to be solved, and (xi’ 1,xéyl) is the dependent variable
that can be used to recover the full solution in junction with the transformation matrix P.
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3. Results and discussion

We proceed to validate the effectiveness and validity of our method through three concrete
examples involving a subperiodic group(rod groups), a plane group and a space group, which are
compared with the standard FEM. Our method uses a mesh density consistent with the standard
FEM and employs the same numerical solver eigs in MATLAB. Models 1 and 2 were computed
under computer configuration with a 12th Gen Intel Core i5-12400 processor and 16 GB of RAM,
while model 3 was computed under computer configuration with a 13th Gen Intel Core i9-13900
processor and 64 GB of RAM. All numerical results were generated using homemade MATLAB
code. The MATLAB implementation of our NSA-FEM procedure is open-source and available
on Github [48].

3.1. AB-layer-stacked photonic crystal with rod group

In previous study, AB-layer-stacked photonic crystal (Phc) manifests a hidden symmetry of
Maxwell’s equations, reveals a novel mechanism to realize protected degeneracies unique to
photonic bands. The structure of the Phc considered here shows in Fig. 4(a), consists of two types
of dielectric layer (A and B), which have equal thicknesses L/2 and stacked periodically along the
x direction [39]. As such, the PhC’s relative permittivity tensor in xyz coordinates is given by

e=|0 & 0 (16)

ex 0 &

where €,; = €, = +g = *(g] — &3)sinfcos6 flips its sign between layers A and B, while the
diagonal elements &y, = (cos? e +&38in’0), &y = &2, &,; = (sin? Oe| +£3c0s%0) are all constant.
Here weset @ = n1/5, e, =2, &, = 13, &1 = 1. In this model, the rod group index is pmcm(number
22), which semidirectly products with the two-dimensional continuous translational group R?,
i.e., R? % Rod(22). Rod groups are subperiodic groups of space groups, which can be considered
as discrete symmetry groups of three-dimensional objects, translationally periodic along a line.
Therefore, in numerical analysis, we can use the standard FEM to simulate a two-dimensional
unit cell that is periodically continuous in out-of-plane direction, as shown in Fig. 4(b). The
red area indicates the MCD of NSA-FEM, which is one-quarter of its original size reduced
by the combination of M, and G, symmetries. In k-space, here we focus on several space
group symmetries relevant to band crossings in the plane k, = 0. The Irreps of high symmetry
momentum for the rod group pmcm with k, = 0 plane are shown in Table 2.

At each of the three locations, A, X, and G, there are four distinct classes, i.e., see details in the
column of the Seitz symbol. As for a specific representation (column number fixed), the character
indifferent row is to describe the conserved quantity of symmetric operation for different class,
and thus reflects the symmetric properties of that Irreps under the symmetric operation belonging
to different class. Specifically, the class consisting of the operation {1|t, 72, 13} corresponds to
the normal Bloch boundary conditions. Each of the other three classes can be derived as the
combination of the two remaining classes. For instance, the class consisting of the operation
{m1g0| % 0,0} can be expressed as the combination of the two remaining classes consisting of the
operations {2 | %, 0,0}{mo10]0, 0, 0}, the corresponding matrix transformation representation
is:

-1 00 4 -1 0 0o $f 1 0 0 o
0100 (=[0 -1 0ooff 0-10 o0 (17)
001 0 0 0o 1o\ 00 1 o0
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To effectively decompose the problem and apply symmetry constraint boundary conditions,
only two independent symmetric operations are required: mirror symmetry M, and the glide
symmetry G, = {M,|(a/2)x}. The symmetries M, and G, both allow the computation domain
to be reduced by half. Consequently, the combination of the M, and G, symmetries enable the
structure to be reduced to one-quarter of its original size. And since each location possesses four
distinct Irreps, we can further divide the original problem into 4 sub-tasks.

w(elL)

S}

L

® NSA-FEM:

NSA-FEM: ¥
©® NSA-FEM: ¥
© NSA-FEM: ¥,
— standard

FEM

Fig. 4. (a) The structure of the photonic crystal’s unit cell in 3D, consists of stacked biaxial
dielectrics in layer A (light gray) and layer B (dark gray). (b) The MCD and symmetry axis
in computational plane xz. (c) Band structure along high symmetry lines in the ky = 0 plane

for the PHC.

Table 2. Irreps of the high symmetry k-vector for rod group pmcm

Location Seitz Symbol Representation
{lt1, 10,13} oi2miza
A0,0, a) {200113.0.0} 1 1 1 9
{mo1010,0,0} 1 1 1 )
{m100]%,0,0} 1 1 ] y
{1t1,1,13} i2mtia
. {210013.0.0} ¢ima oima oin(1+a) Jin(i+a)
2:(a,0,0) {mo1010,0,0} 1 1 1 |
{moo11%.0.0} eima e (1+a) eina gin(1+a)
{11t1, 2,13} el (t+2t32)
G:(1.0.a) {200113.0.0} 1 | ¥ y
{mp1010,0,0} 1 1 4 1

{migo|1,0,0}
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The band structure calculation is performed along the boundaries of the irreducible FBZ.
And the calculation results are illustrated in Fig. 4(c), where the straight lines represent the
calculation results of standard FEM and the point results obtained from NSA-FEM. The blue
and magenta lines represent the bands with odd and even M},-parities, respectively. From the
perspective of mode analysis, the generation of even and odd modes is attributed to M, symmetry.
Therefore, modes can be divided into two types based on x({M,|0}) = +1, corresponding to ¢/ 4
and y, 3, which represent even and odd modes, respectively. From the computational perspective,
according to Equation: E(r) = [E,(x,y) + ZE.(x,y)] €77%, we can calculate even and odd modes
separately, effectively distinguishing them while ensuring that the higher-order degenerate nexus
points remain intact, which significantly enhances the efficiency of band structure calculations.
The computation time for the standard FEM is 1,067 seconds. In contrast, the NSA-FEM
significantly reduces this time to just 320 seconds, with the four sub-tasks taking 51 seconds, 94
seconds, 115 seconds, and 60 seconds, respectively. The DOFs for the standard FEM problem
are 9,841, with an average memory usage of 2.38 GB, while the NSA-FEM problem has 2,521
degrees of freedom and an average memory usage of 2.08 GB. Compared to the standard finite
element method, the DOFs are reduced to one-fourth, the memory usage is reduced by 12.6%,
and the computation time is reduced to 30.0%, which demonstrates the effectiveness of our
method.

3.2. Twisted quadrupole topological photonic crystal with plane group

In the second example, recent development in topological photonics shows that lateral hetero
structures with different twisting angles can yield rich topological phenomena, and thus opens
a new route toward topological photonics [49]. The 2D square-lattice PhC has four identical
cylinders made of Al,O3 (radius r = 0.25¢m, &, = 6.2, u, = 1) in each unit cell. The lattice
constant is L = 2cm. By twisting the four cylinders along the dashed lines, which are initially
located at the positions of (i%, i%), as illustrated in Fig. 5(a), the symmetry is reduced to the
nonsymmorphic plane group P4g(number 12), which contains the two glide symmetries. In
k-space, the FBZ and the high symmetry k-vectors are shown in Fig. 5(b), where the blue region
represents irreducible FBZ and the band analysis is along the boundary of irreducible FBZ, i.e.,
I' - X —M —T. The Irreps of high symmetry k-vectors are shown in Table 3. In the numerical
analysis of the band structure shown in Fig. 5, we only calculate the eigen modes with dominating
the out-of-plane field component, since out-of-plane field components of eigen modes at low
frequencies dominate. It should be noted that, compared to the first example, the Seitz symbols
corresponding to the glide operation are different at locations A, A, and X, which means that
we shall truncate the full unit cell differently into different MCDs, as shown in three insets in
Fig. 5(c). The insets are column-wise corresponding to the band I' = X, X — M, M —T', respectively.
The rationale is the following: the symmetry operations associated with the three different Seitz
symbols at band I' — X, X — M, M — T are different.

1. At A, the Seitz symbol {m010|%, %, 0} reduces the MCD to the left half of the unit cell. In
the upper left quarter, the red boundaries constraints correspond inversely after the glide
operation, with a similar effect in the lower left quarter.

2. At A, the Seitz symbol {mjq| %, %, 0} reduces the MCD to the upper half of the unit cell,
with boundary constraints correspondence similar to A.

3. At X, the MCD within the unit cell is not regular; instead, it is reduced along the symmetry
axesy = x + % andy = x + —% to half. By effectively translating the eighth triangle of
the upper left along Ay = —a to the next cell, it is evident that the computational region is
reduced to a triangle.
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In conclusion, the magenta region highlights the MCD, and the red and blue boundaries
indicate the boundary constraint relations and the matching directions, as denoted by the two
red-blue arrow pairs. Based on the symmetry property of glide symmetry, we can divide the
original problem into two sub-tasks.

As shown in Fig. 5(c), the straight lines represent the results calculated by standard FEM, while
the points denote those calculated using NSA-FEM. The results obtained through our method are
consistent with those from the standard FEM. In addition to improved computational efficiency,
our method facilitates the effective distinction of modes across different sub-tasks, simplifying
the differentiation between adjacent bands. In this model, the computation time for the standard
FEM is 319 seconds, whereas the total computation time for the NSA-FEM is 242 seconds. The
DOFs for the standard FEM problem are 156,217, compared to 76,415 DOFs for the NSA-FEM.
It is noteworthy that, although Model B (Fig. 5) as described in Section 3.2 features a larger
number of DOFs compared to Model A (Fig. 4) as described in Section 3.1, the reduction in
computation time is limited. This is attributed to several factors: the number of eigenvalues to be
solved is smaller, the eigenvalue equation differs in its solution difficulty, and the model only
exhibits glide symmetry without combined symmetries. In summary, compared to the standard
FEM, the NSA-FEM reduces the DOFs by half and decreases the computation time to 75.9%.

@ ©

- % > D

|

(b)

Frequency(GHz)

ky
Y M

5

A O®NSA-FEM: ¥

NSA-FEM: y

I A X kx —standard-FEM|
0

r X M r

Fig. 5. (a) Structure of the twisted quadrupole topological photonic crystals, twisting is
along the dashed lines with § = 22°. (b) The FBZ and high symmetry momentum (k-vectors)
in k-space where the blue region represents irreducible FBZ. (c) Photonic band structure
alongI'-X-M-T.

3.3.  Photonic nodal line with space group

Nodal line semimetals (NLs) are three-dimensional (3D) crystals that support band crossings in
the form of one-dimensional rings in the Brillouin zone. In the presence of spin—orbit coupling
or lowered crystal symmetry, NLS may transform into Dirac semimetals, Weyl semimetals, or
3D topological insulators [50]. We perform a band structure analysis on the metacrystal. By
introducing glide symmetry into the cut-wire meta material design, realizing a negative dispersion
for the LP mode, which plays a key role in the formation of NL degeneracy in this model. The
unit cell metacrystal, with a dimension of 4.5 x 4.5 x 2mm?, consists of two mutually orthogonal
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Table 3. Irreps of the high symmetry k-vector for
plane group P4bm

Location | Seitz Symbol Representation
27t a i2rtya
{1t 12} e e
A:(a0)
11 i i
{mOI |§, 1 } eima elﬂ(]+a)
AL . ) {1 |11, 12} o7 (a+2na) el (a+20a)
(5,4
2 . .
{mIO | %’ % } eima em(l+a)
£ ) {1)t1. 2} ei27(tja+tra) ei27(tja+tra)
(a,a
11 i2ra i27t(1+a)
{mll | 227 € e

\/‘I\/
\*_
l
\
i

<25
I
220
e ® NSA-FEM: ¥
$15
% NSA-FEM: i
T © NSA-FEM: 14
® NSA-FEM:
5 —standard-FEM
0
M U r Y X G M

Fig. 6. (2) MCD at crystal momentum U and Y. (b) MCD at crystal momentum G. (c) The
FBZ and high symmetry momentum (k-vectors) in k-space where the blue region represents
irreducible FBZ. (d) Band structure of the metacrystal along M — ' — X — M. Nodal line
(NL) is formed between the second and third band at 16 GHz at crystal momentum U and Y.

I-shaped metallic cut-wire resonators lying in the x—y plane. In Fig. 6(a,b), the solid line region
shows that the unit cell size of w = 4.5mm, h = 2mm. The size of the I-shaped copper cut-wire
resonators is / = 1.1w, d = 0.5w. The widths of all wires are 0.1w, and the thicknesses are 35um.
The substrate material is Teflon, whose permittivity is 2.1, with a loss tangent around 0.00028.
The dark gray region indicates the MCD at crystal momentum U, Y, and G. The metacrystal
space group index is P4/mbm (number 127), which exhibits two glide symmetries perpendicular
to the main axis. In k-space, the FBZ and the high symmetry k-vectors are shown in Fig. 6(c),
where the blue region represents irreducible FBZ and the band analysis is along the boundary of
irreducible FBZ, i.e., M — ' — X — M. The Irreps of high symmetry momentum are shown in
Table 4.

Similarly to Model A (Fig. 4) as described in Section 3.1, only two independent cases can be
used: Based on the symmetry properties of glide symmetry G and mirro symmetry M, we can
divide the original problem into four sub-tasks 1, ¥, 3, and 4. Figure 6(d) illustrates the band
structure of the metacrystal along M — I' — X — M. The straight lines represent results calculated
by standard FEM, while the points denote those calculated using NSA-FEM. We compared the
MCD, the number of degrees of freedom (DOFs), and the number of tasks between NSA-FEM
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Table 4. Irreps of the high symmetry k-vector for space group

P4/mbm
Location Seitz Symbol Representation
{1|t1, 2,13} ei2(tia+nya)
U:(a, a,0) 200113, 3.0} ePra gr(H20 il e2ra
{mo0110,0,0} 1 1 -1 1
{mjold. 5,0} e?ma (in(420) oi27a (in(1420)
{Ln, 12,13} ei2mha
Y+@.0.0) (210013, 1,0y e prlira) gin(iva) pina
{mo0110,0,0} 1 1 -1 1
{moo113,0,0}  er@ e ml+a) oima in(1+a)
{1|t1, 2,13} el (ty +2ta)
G:(L. a0) (201014, 5,0} e eimlra ginllra) pina
{mo0110,0,0} 1 1 -1 -1
(il b0} e n e nten

and standard finite element modeling. Although NSA-FEM requires calculating four sub-tasks
separately, the total calculation time is significantly reduced to 4,851 seconds, compared to 23,366
seconds for standard FEM. The DOFs for the standard FEM problem are 1,036,485, whereas
the NSA-FEM involves just 248,369 DOFs, the DOFs are reduced to one-fourth improving
calculation speed by 4.8 times. Thus, with more sub-tasks, a smaller MCD, and fewer DOFs,
NSA-FEM achieves superior computational efficiency.

Along the in-plane directions, the lowest three bands are formed by two transverse modes,
the transverse electric (TE) and the transverse magnetic (TM) modes, and a LP mode. The
orthogonality between the LP and TE modes is guaranteed by the mirror symmetry of the
system. Therefore, same to the Model A (Fig. 4) as described in Section 3.1, the modes can
be divided into two types based on y({M|0}) = £1, corresponding to 2 and ¢34, where TM
mode corresponding to iy, LP mode corresponding to >, TE mode corresponding to 3. The
degeneracy of LP and TM modes is caused by the glide symmetry of the system, which can be
divided according to y({M|r}) = +e'™.

4. Conclusion

In summary, we systematically applied non-symmorphic symmetries to the numerical analysis
of band structures of photonic structure and proposed the NSA-FEM. We implemented NSA-
FEM across groups of different dimensions, including subperiodic groups, plane groups, and
space groups. Based on the Irreps of groups, we decompose the original problem into several
sub-tasks, each corresponding to different symmetry type of modes, while ensuring that their
topological properties remain intact. Meanwhile, the decomposition of sub-tasks also introduces
the potential for parallelization in the algorithm. Table 5 shows the summary of the calculation
of FEM and NSA-FEM, compared to the standard FEM, our method not only significantly
improves the efficiency of the analysis of the band structure, but also facilitates the discovery
of hidden symmetries, high-order degenerate points, nodal line degeneracies, and other novel
topological phenomena based on their symmetry types. Additionally, by dividing modes into
different subtasks and applying character constraints corresponding to the Irreps to calculate the
corresponding modes, we provide a perspective for understanding and computing these modes.
Our work fills the gap in using nonsymmorphic symmetries to reduce computational domains,
enabling researchers in optics, condensed matter, and numerical analysis to systematically apply
group theory in FEM to support their research efforts. Considering the fundamental role of



Research Article

Optics EXPRESS

character tables in group theory, our method is expected to find broader applications in other
groups, such as double groups and magnetic groups. Additionally, due to the universality of
group theory, this symmetry-based approach is versatile and can be easily extended from FEM to
other numerical techniques, such as the FDM and the transfer matrix method.

Table 5. Calculation summary of FEM and NSA-FEM, MCD, number of DOFs,
tasks number and computation time

Methods Structure Type MCD DOFs Tasks Computation Time
AB-layer PHC D 9,841 1 1067s
FEM TQT PHC D 156,217 1 319s
NL D 1,036,485 1 23,366s
AB-layer
NSA-FEM PHC D/4 2,521 4 320s
TQT PHC D2 76,415 2
NL D/4 248,369 4 4,851s
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