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Abstract: We study the momentum-space evolutions for chiral optical responses of multi-mode
resonators scattering plane waves of varying incident directions. It was revealed, in our previous
study [Phys. Rev. Lett. 126, 253901 (2021)], that for single-mode resonators the scattering
optical chiralities characterized by circular dichroism (CD) are solely decided by the third Stokes
parameter distributions of the quasi-normal mode (QNM) radiations: CD=S3. Here we extend
the investigations to multi-mode resonators, and explore numerically the dependence of optical
chiralities on incident directions from the perspectives of QNM radiations and their circular
polarization singularities. In contrast to the single-mode regime, for multi-mode resonators it
is discovered that CDs defined in terms of extinction, scattering and absorption generally are
different and cannot reach the ideal values of ±1 throughout the momentum sphere. Though the
exact correspondence between CD and S3 does not hold anymore in the multi-mode regime, we
demonstrate that the positions of the polarization singularities still serve as an efficient guide for
identifying those incident directions where the optical chiralities can be extremized.
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1. Introduction

Optical and geometric chiralities are profoundly different concepts: the former generally
corresponds to distinct optical responses of photonic structures that are excited by sources of
opposite handedness; while the latter is a pure mathematical (geometric) one, which indicates
that an object is not invariant under the mirror operation [1,2]. Nevertheless, those concepts
have almost always been discussed together, signifying the widely-spread dogma that they are
inextricably linked. Chiral optics dates back partly to Louis Pasteur’s investigations into chiral
molecules, which are randomly orientated in the solution and thus the optical chiralities observed
were effectively orientation-averaged and thus independent on the incident direction of the source
[1]. For such systems containing many randomly-orientated molecules, the absence of geometric
chirality of each consisting molecule inevitably results in the absence of the optical chirality,
which is required by the fundamental law of parity conservation of Maxwell equations [1,3].
While for other systems, either individual structures or ensembles of ordered or partially-ordered
consisting molecules, the connection between optical and geometric chiralities are generally
broken: (extrinsic) optical chiralities can be observed for achiral structures [2,4–6] and a chiral
structure of fixed geometric chirality can manifest no optical chirality or even optical chiralities
of opposite handedness for different incident directions [6].

Optical chiralities are generally dependent on the incident directions of exciting sources, and
all those directions constitute a closed momentum sphere. According to the extreme value
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theorem [7], irrespective of the specific physical configurations, there must be directions along
which the optical chirality reaches its extremized (maximum or minimum) values. In the
single-QNM regime, that is when there is only one QNM effectively excited, the optical chirality
is extremized to its ideal values along the directions where the polarization singularities of
the QNM radiations locate (independent on the geometric chirality of the photonic structures
investigated) CD = S3 [6]: for QNM radiation directions of circular polarizations (S3 = ±1), the
CD defined (CD ∈ [−1, 1]) reaches its ideal values of CD = ±1; while for directions of linear
polarizations (S3 = 0), optical chiralities are absent (CD = 0). It is worth mentioning that though
the principles revealed in Ref. [6] and the exact correspondence CD = S3 are secured by the
fundamental laws of electromagnetic reciprocity and energy conservation (optical theorem), they
are in principle only applicable in the single-QNM regime. CD is conventionally defined as the
different absorption rates between right- and left-handed circularly polarized (RCP and LCP)
incident waves. Here we have generalized the definition based on absorptions to both different
extinction and scattering rates [see Eq. (1)]. The third Stokes parameter S3 characterizes the
ellipticity of polarization states: S3 = ±1, corresponds, respectively, to RCP and LCP waves,
while S3 = 0 corresponds to linear polarizations and other values of S3 to elliptical polarizations.

In this paper we study numerically momentum-space chirality extremizations for scattering
photonic structures that support simultaneously multi-QNMs, including both non-degenerate
QNMs that are spectrally close and degenerated QNMs that are induced by geometric symmetry.
Here degenerate modes correspond to modes with distinct near-field distributions while identical
complex eigen-frequencies; non-degenerate modes correspond to modes for which both near-field
distributions and complex eigen-frequencies are different. The optical chiralities are characterized
by CDs defined in terms of distinctions between extinction, scattering and absorption cross
sections with incident circularly-polarized plane waves of opposite handedness (Section 2.).
Similar to the single-QNM regime, on the closed momentum space, there must be directions along
which the CD defined can reach their extremized values CDmax,min: CDmin ≤ CD ≤ CDmax.
Nevertheless, in contrast to the single-QNM scenario, in the multi-QNM regime (Section 3.):
CD generally cannot reach its ideal values of CD = ±1; CDs defined in terms of extinction,
scattering and absorption are generally not identical; the correspondence between CD and S3
(CD = S3) does not hold anymore, implying that CD is extremized along the directions where
the polarizations of the QNM radiations are not necessarily singular. Despite those differences
between single- and multi-QNM excitations, we have demonstrated numerically that in the
multi-QNM regime, the positions of the radiation polarization singularities in the momentum
sphere still provide an efficient guide for identifying the directions of incidence along which the
CDs can be extremized. Our study can stimulate further explorations to establish a comprehensive
QNM-based theoretical model that can systematically deal with not only reciprocal but also
non-reciprocal multi-mode chirality extremizations, with incident waves structured both spatially
and temporally beyond the plane-wave excitation regime.

2. Definitions and single-mode optical chirality extremizations

Throughout this study, we focus on scattering structures, the optical responses of which are
characterized by cross sections of extinction, scattering and absorption denotes as CDext,sca,abs,
respectively [8]. For RCP and LCP incident plane waves (denoted respectively by ⟳ and ⟲) with
wavevector kinc, those cross sections are denoted more specifically as C⟳,⟲

ext,sca,abs. Then the three
CDs defined in terms of extinction, scattering and absorption are [6]:

CDext,sca,abs =
C⟳

ext,sca,abs−C⟲
ext,sca,abs

C⟳
ext,sca,abs + C⟲

ext,sca,abs
, (1)

which is bounded as CDext,sca,abs ∈ [−1, 1].
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In the single-QNM excitation regime, it was revealed the three CDs are identical CDext,sca,abs =
CD and inextricably linked to the Stokes parameter S3 of the QNM radiation (radiation wavevector
krad) along both directions parallel or antiparallel to kinc:

CD = S3, krad = ±kinc. (2)

That is, in the single-QNM regime, the S3 for radiations along both directions of ±krad are the
same. As a result, the CD reaches its ideal extremized values of ±1 along directions where the
QNM radiations are circularly-polarized (polarization singularities) [6]. It is worth mentioning
that beyond the single-QNM regime, such defined three CDs do not have to be identical and
could be quite different. For example, for an arbitrary inversion-symmetric structure that is
simultaneously reciprocal, along any incident direction CDext = 0 while generally CDsca,abs ≠ 0
[9].

To further exemplify the conclusions above, we study a gold structure (effective bulk permittivity
is fitted from data in Ref. [10]; all numerical results presented in this study are obtained using
COMSOL Multiphysics) schematically shown in Fig. 1(a), with all the geometric parameters
specified. This structure is essentially half of the structure shown in Fig. 4(a) which exhibits
rotation symmetry and thus supports degenerate modes [11]. With the rotation symmetry
broken, for this structure a single QNM [characterized by a complex eigenfrequency of ω̃A =

8.196 × 1014 − 3.5 × 1013i [rad/s] can be excited with negligible excitations of other QNMs. S3
distributions for radiations of this QNM are shown in Fig. 1(b), where the positions of circular
polarization singularities are also marked (stars: RCP; crosses: LCP). To show clearly the
orientation of the structure, in Fig. 1(a) a spherical coordinate system with the azimuthal angle φ
and polar angle θ is also included.
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Fig. 1. (a) A gold structure [half of the four-fold rotionally symmetric structure shown in
Fig. 4(a)] with all geometric paramters and its orientation within the spherical coordinate
system specified. The azimuthal and polar angles are φ and θ, respectively. (b) S3
distributions for the QNM supported. (c) The dependence of three CDs on φ along the
latituide circle of θ = 100◦. (d)-(f) The dependence of three CDs on incident directions. In
(b) and (d)-(f) the positions of polarization singularities are also marked (stars: RCP; crosses:
LCP). The marked singularities locate at [in terms of (θ, φ)]: (79◦, 144◦), (100.8◦, 322.2◦),
(79.2◦, 331.2◦), (100.8◦, 153◦), and the corresponding closest CDs extremes overlap with
those singularity positions.
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For all the following discussions, the incident direction kinc is described by the angle doublet
(φ, θ) and the corresponding radiation direction is anti-parallel to it krad = −kinc. Such a setting
is required to directly apply the electromagnetic reciprocity principle [12,13], built on which
the subtle connection between CD and S3 of QNM radiations [Eq. (2)] can be established.
The dependence of CDs on (φ, θ) are shown in Figs. 1(d)-(f), with incident angular frequency
ω = Re(ω̃A) and the corresponding wavelength λA = 2.3 µm. As we can see, all three CD
are identical and they reach their ideal values of CD = ±1 at the positions where the QNM
radiations are singularly polarized [marked by stars (RCP; CD = S3 = 1) and crosses (LCP;
CD = S3 = −1)]. As has been mentioned already, the angular positions for the radiation
singularities are (π+ φ, π− θ) rather than (φ, θ) directly. The CD distributions on a latitude circle
(θ = 100◦) are also shown in Fig. 1(c), further confirming Eq. (2) and the equality of all CDs.

3. Multi-mode optical chirality extremizations

As a next step, we extend our investigations to photonic structures that support spectrally
close non-degenerate modes and also degenerate modes. We start with a gold split-ring
resonator (SRR) schematically shown in Fig. 2(a), with all geometric parameters specified. In
Fig. 2(b) we show its scattering spectra (in terms of scattering cross sections) for an RCP wave
incident along +z axis (θ = 0). For the spectral regime shown, two QNMs are marked the
corresponding complex eigenfrequencies are: ω̃B = 1.4359 × 1015 − 7.7 × 1013i [rad/s] and
ω̃C = 1.1204 × 1015 − 2.538 × 1014i [rad/s]. The S3 distributions for the QNM-B are shown in
Fig. 2(c). We now fix the angular frequency of the incident wave as ω = Re(ω̃B) (λB = 1.313 µm)
and show in Figs. 2(d)-(f) the angular dependence of CDs, where the polarization singularities
of QNM-B are also marked. In contrast to the single-QNM excitations [Figs. 1(d)-(f)]: (i) The
three CDs are not identical anymore (see the extreme values of the color bar); (ii) None of the
CDs defined can reach their ideal values of ±1; (iii) The positions of the extremized CDs (CDmin

and CDmax) do not overlap exactly with those of the polarization singularities. Despite those
discrepancies, it is clear from Figs. 2(d)-(f) that the positions of the QNM singularities still
provide an excellent guide for identifying the directions along which the extremized values of all
CDs can be obtained.

We now proceed to the more sophisticated configuration of a coupled SRR pair (twisted by
30◦ with respect to each other) shown in Fig. 3(a), where each SRR is identical to the one
shown in Fig. 3(a). Its scattering cross section spectra (RCP wave incident along +z axis) are
shown in Fig. 3(b), where two spectrally close QNMs are marked. Their corresponding complex
eigenfrequencies are: ω̃D = 1.357×1015−2×1014i [rad/s] and ω̃E = 1.0279×1015−3.23×1014i
[rad/s]. The S3 distributions for the QNM-D are shown in Fig. 3(c). Figures 3(d)-(f) demonstrate
the angular dependence of CDs with ω = Re(ω̃D) (λD = 1.39 µm), where the positions of the
polarization singularities for QNM-D are also marked. Similar to the single SRR scenario, though
the positions of the polarization singularities do not overlap exactly with those of extremized
CDs, they still served as an efficient guide to identify the optimal incident directions for chirality
extremizations.

At the end, we turn to the gold structure [shown in Fig. 4(a)] that exhibits four-fold rotation
symmetry. Such a symmetry secures a pair of degenerate modes [11]. The S3 distributions
of both are shown in Figs. 4(b) and (c) and their degenerate complex eigenfrequency is
ω̃F = 7.9645× 1014 − 4.17× 1013i [rad/s]. With the angular frequency of the incident wave fixed
as ω = Re(ω̃F) (λF = 2.367 µm), the angular dependence of CDs is summarized in Figs. 4(d)-(f),
with the LCP singularities of both QNMs marked. Since all CDs are negative, half of the
polarization singularities (RCP; S3 = 1) have totally lost their connections with CDmax. This is
probably due to the co-excitation of both QNMs and that none of them plays a overwhelming role,
while a precise clarification for it, from the perspectives of QNMs with explicit formalism, is yet
to be explored. Despite this, the positions of LCP singularities still provide reasonable guide for
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Fig. 2. (a) A gold SRR with all geometric parameters specified and (b) its scattering
spectra where two QNMs are pinpointed. (c) S3 distributions for the QNM-B. (d)-(f) The
angular dependence of three CDs. In (c)-(f) the positions of polarization singularities are
also marked (stars: RCP; crosses: LCP). The marked singularities locate at [in terms of
(θ, φ)]: (54◦, 201.6◦), (126◦, 338.2◦), (54◦, 338.4◦), (126◦, 201.6◦). The corresponding
closest CDabs extremes locate at: (45◦, 184◦), (135◦, 352◦), (45◦, 352◦), (135◦, 188◦). The
corresponding closest CDext extremes locate at: (48◦, 180◦), (132◦, 356◦), (48◦, 356◦)
,(132◦, 180◦). The corresponding closest CDsca extremes locate at: (48◦, 180◦), (132◦,
356◦), (48◦, 356◦), (132◦, 180◦).
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Fig. 3. (a) A gold SRR-pair with a twisting angle 30◦ [each SRR is idential to that shown in
Fig. 2(a)] and (b) its scattering spectra where two QNMs are pinpointed. (c) S3 distributions
for the QNM-D. (d)-(f) The angular dependence of three CDs. In (c)-(f) the positions
of polarization singularities are also marked (stars: RCP; crosses: LCP). The marked
singularities locate at [in terms of (θ, φ)]: (63◦, 196.2◦), (117◦, 12.6◦), (63◦, 9◦), (117◦,
201.6◦). The corresponding closest CDabs extremes locate at : (54◦, 200◦), (126◦, 12◦),
(54◦, 12◦), (126◦, 200◦). The corresponding closest CDext extremes locate at:(48◦, 196◦),
(132◦, 12◦), (51◦, 12◦), (129◦, 196◦). The corresponding closest CDsca extremes locate at:
(48◦, 180◦), (132◦, 24◦), (51◦, 12◦), (129◦, 192◦).
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Fig. 4. (a) A gold structure exhibiting four-fold rotation symmetry, with all geometric
parameters specified. (b)-(c) S3 distributions for the two degenerate QNMs. (d)-(f) The
angular dependence of three CDs. In (b)-(f) the positions of LCP singularities are also
marked by crosses. In (d)-(f) the actual positions of the minimum values of CD (CDmin)
are also marked by circles. The marked singularities locate at [in terms of (θ, φ)]: (88.2◦,
10.8◦), (88.2◦, 100.8◦). The corresponding closest CDabs extremes locate at: (89.6◦, 48◦),
(89.6◦, 138◦). The corresponding closest CDext extremes locate at:(89.6◦, 42◦), (89.6◦,
132◦). The corresponding closest CDsca extremes locate at: (92◦, 12◦), (92◦, 102◦).

identifying the optimal directions to obtain CDmin [positions marked by circles in Figs. 4(d)-(f)],
especially efficient for CDsca shown in Fig. 4(f).

4. Conclusions

In this work, we extend our pervious investigations of single-mode chirality extremizations to the
multi-mode regime, studying scattering structures when more than one QNMs are simultaneously
excited. The optical chiralities are characterized by CDs defined in terms of extinction, scattering
and absorption, which are not identical anymore beyond the single-mode regime. We have
further revealed that though the exact correspondence between CDs and S3 distributions of
the QNM radiations is broken, the positions of the polarization singularities of the QNMs
excited still provide an efficient guide to identify those directions incident along which the
CDs can be extremized. Our numerical studies presented in this work can stimulate further
in-depth explorations for a theoretical model that can systematically deal with the problem of
momentum-space optical chirality extremizations, not only beyond the single-QNM regime, but
also covering spatially and spectrally structured incident waves (e.g. those carrying both spin and
angular momentum [14]), for scattering photonic structures that are not necessarily reciprocal.
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