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Abstract: The scattering and resonant properties of optical scatterers/resonators are determined
by the relative ratios among the associated multipole components, the calculation of which
usually is analytically tedious and numerically complicated for complex structures. Here we
identify the constraints as well as the relative relations among electromagnetic multipoles for
the eigenmodes of symmetric scatterers/resonators. By reducing the symmetry properties of the
vector spherical harmonic waves to those of the modified generating functions, we systematically
study the required conditions for electromagnetic multipoles under several fundamental symmetry
operations, i.e., 2D rotation and reflection operations and 3D proper and improper rotations.
Taking a 2D scatterer with Cy, as an example, we show that each irreducible representation of Cy,
can be assigned to corresponding electromagnetic multipoles, and consequently the constraints
of the electromagnetic multipoles can be easily extracted. Such group approach can easily be
extended to more complex 3D scatterers with higher symmetry group. Subsequently, we use the
same procedure to map out the complete relation and constraint on the electromagnetic multipoles
of a 3D scatterer imposed by D3j, symmetry. Our theoretical analyses are in perfect agreements
with the fullwave finite element calculations of the eigenmodes of the symmetric scatters.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Symmetry principles have played indispensable roles in simplifying complex problems in all
different branches of physics [1-3]. The systematic symmetry arguments applied in physics were
first developed by Winger to examine the electronic wave function of Hydrogen atoms [4]. Later
on, various symmetry arguments have been developed to simplify our understanding of different
phenomena and have also been widely used as general guidelines to conceive practical devices in
electronics, acoustics, optics and many others [5-9]. In optics, symmetry arguments mostly are
used to understand band degeneracy [10,11] and to classify the eigenmodes in periodic optical
structures [12,13]. Practically, group approaches were also used to simplify the calculations of
optical properties [14], i.e., the optical local density of states in complex structures [15]. Recently,
the symmetry arguments are also used to analyze the Bloch mode vortices [16] and examine the
polarization properties of the far-field pattern of photonic crystal slab structures [17-19].
Despite the larger amount of work devoted to periodic optical structures, the classification
of modal properties from symmetry perspective for finite-size scattering objects, i.e., the
single individual optical scatterer or a cluster of optical scatterers, are just a few, in which the
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symmetry arguments are implicitly used, such as the calculation of scattering coefficients of
the electromagnetic multipoles. It is also shown by earlier work that each electromagnetic
multipole in different directions has different phases, depending on the parity of the multipole [20].
Interestingly, recent work also shows that electromagnetic multipoles, as well as the symmetric
relations among electromagnetic multipoles can be crucial to reveal the type and global features
of the far-field singularities, i.e., the distribution and the total indices of V-points and C-points
on the momentum sphere [21]. In addition, the symmetric relations among electromagnetic
multipoles lead to novel phenomena and useful applications [22], i.e., directional emission and
wavefront engineering [23-29]. Considering the relevance of the optical properties of finite
system, thereby it is natural and useful to use the symmetry principle to finite scattering objects
[30].

In the paper, we aim to calculate the relation among the coefficients of multipoles from
symmetry arguments for finite-size optical systems using eigenmode analysis. Though the
symmetry of multipoles is shown in many earlier works [31], with the assistance of group theory,
we build the subtle connections among different electromagnetic multipoles imposed by the
spatial symmetry of the geometrically regular optical systems that have a finite size. Specifically,
we use the point group associated with finite-size optical structures as a powerful tool (1) to
identify the existences of certain electromagnetic multipoles, (2) to reveal the hidden connections
among different electromagnetic multipole components, and (3) to give explicit constraints on
the multipolar coefficients dictated by symmetry.

The paper is organized as follows. In Section 2, we outline the fundamentals of electromagnetic
multipoles, symmetry operations, and the procedures of using group theory to obtain the
constraints among different electromagnetic multipoles of symmetric scatters. In Section 3, we
illustrate how the group approach is applied to extract the relative relations among electromagnetic
multipoles for a 2D Cy, scatterer and a 3D Ds), scatterer, as benchmarked against fullwave
numerical simulations. Finally, the paper is concluded in Section 4.

2. Theory

2.1. Applications of symmetry principle and group theory in optics

In the calculation of the eigenmodes of the symmetric scatterers, the Maxwell’s equations can
be reformulated into a Hamiltonian problem defined by H(r), i.e., H(r)¢(r) = A¢(r), where ¢(r)
is the eigenmode of the symmetric scatter with eigen-frequency given by 1. We know that
H(r) depends on the material properties and the scatterer geometry. In our problem, if a given
symmetry operation transforms the overall system to itself, H(r) is invariant under such symmetry
operation P, i.e., the Hamiltonian H(r) and P fulfills the relation given by PH(r)P~! = H(r). All
the symmetry operations which let H(r) be invariant form a group. Importantly, the irreducible
representations of this group have one-to-one correspondence to the eigenmodes determined by
H(r) due to the commutativity between H(r) and P. Moreover, the eigenmode of H(r) transforms
identically to that of the corresponding irreducible representation of the symmetry operation
P[32]. Namely, the symmetric properties of the eigenmode of H(r) can be classified in the same
fashion as the irreducible representations, as summarized in the character tables. Consequently,
with the assistance of multipolar decomposition, i.e., ¢ = aMjy, + bN},, one is ready to identify
constraints of the multipolar components imposed by the symmetry operation. In our work, we
map out all the possible fundamental symmetry operations in both 2D and 3D as well as the
constraints on the multipolar components. Those fundamental symmetry operations can be used
as building blocks to more complex symmetric scatterers.

For self-consistency, we next introduce the basic concept of the group theory [33], as well as
the basic idea of applying group theory to the problems in optics and photonics. All the symmetry
operations P associated with H(r) form a group, such as rotation and mirror operations in a
point group. Under certain properly selected basis functions, each operation can be represented
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by a matrix, which can be further used to investigate symmetry properties of the eigenmodes
associated with H(r). As the basis functions vary, the matrix representation may also vary.
However, an important quantity of the matrix representation of a certain symmetry operation
is conserved despite the variation of the basis functions. The conserved quantity is the trace
of the matrix representation, which is also coined as the character of the matrix representation.
By similarity transformation, the matrix representation can be transformed into direct sum of
the block matrices, which are called irreducible representations if the matrix representation
cannot be decomposed further. Mathematically, those symmetry operations form a class, if
the corresponding matrix representations can be transformed into each other by similarity
transformation, the transformation matrix of which is the matrix representation of one of the
group elements. Interestingly, all the important properties associated with the symmetry group
can be extracted from the character tables [2]: (1) the character table lists all the irreducible
representations and the characters row-by-row, i.e., which essentially corresponds to different
symmetric type of the eigenmode of the scatterer in our paper; (2) each column represents a class
of the group; (3) as for a specific irreducible representation (row number fixed), the character in
different column is to describe the conserved quantity of matrix representation for different class,
and thus reflects the symmetric properties of that irreducible representation under the symmetric
operation belonging to different class.

We shall directly use character tables to classify the eigenmodes of the scatterer, the symmetric
features of which can be obtained from the character of the corresponding symmetry operation
(class). In the following, we will apply the character table to study the modal symmetry for
the eigenmodes of the symmetric scatterers. Notably, for any given large symmetry group, it
can be divided into a number of subgroups, which correspond to a few fundamental symmetry
operations that can be used as building blocks for large symmetry group. In the following, we
examine the constraints on the electromagnetic multipoles of the eigenmodes imposed by those
fundamental symmetric operations. To this end, we first recall the symmetric properties as well
as the properties under a certain symmetric operation of the electromagnetic multipoles.

2.2. Electromagnetic multipoles and generating functions

The electromagnetic multipoles, as a fundamental tool in optics, usually refer to the 2D vector
cylindrical harmonic waves in the cylindrical coordinate (r, ¢, z7) with z-translation symmetry,
or the 3D vector sphere harmonic waves in the spherical coordinate (r, ¢, 8). Electromagnetic
multipoles can be grouped into magnetic and electric types, the electric and magnetic multipoles
are given by vector spherical (cylindrical) harmonics N ) (V) and Mg,y (M,,), respectively.
Explicitly, M,y and N, are given via the generating functions (! is absent in 2D) [20],

VxM (1,
M =V X (¢bum), Nam = Tm) )]
where c is the pilot vector (¢ = zin 2D and ¢ = r in 3D), k is vacuum wavenumber. The generating
functions in 2D case are i, = Z,, (kr) e™?, where Z,, (kr) is Bessel or Hankel function. As such,
the 2D scattering electric field E; and magnetic field H; can be expanded into electromagnetic

multipoles as [34]

Ey == Ey|anNy + buMy)|. @)
K
Hy=—— 3" En |baVy) +anMdy) |, 3)
WHo

where the superscripts of N,(,f) and MS) indicate the first kind Hankel function Hf,} ) used in the
generating functions ¥, and E,, = Ey (i)™ /k with Ey a constant.
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The 3D generating functions are scalar spherical harmonics ;) = e”"¢P§" (cos ) z; (kr),
where P} (cos 0) is associated Legendre function, z; (kr) is spherical Bessel or Hankel function.
According to Mie theory, the scattering electric and magnetic fields of 3D scatterer are given by

Es — Z iE(l,m) [a(l,m)NElS,:n) + b(l,m)ME[S’:n)] s (4)
Lm
k 3) (3)
HS _ w_llo Z E(l,m) [b(l,m)N(l,m) + a(l,m)M(l,m):I > (5)
Lm

where the superscript N® and M) indicate the first kind spherical Hankel function hﬁj) is

(tm) (tm)
chosen in z; for the generating functions ), and E(, = i —m

aq,my is the expansion coefficient of electric multipoles of E field, and b, is the expansion
coefficient of magnetic multipoles of E field.

For convenience, we combine the 2D and 3D generating functions, i.e., ¥, and Y ), with the
corresponding m-dependent coeflicients E;, and E,,) as follows,

Ey. By convention,

m = (=0)" Ym, (6)

NCEDT=m )w
T D

which are coined as the modified generating functions in this paper. The purpose of introducing
the modified generating functions will become clear shortly.

We proceed to discuss how the symmetric properties of electromagnetic multipoles under
proper rotations O (O € SO (3) with SO (3) being the 3D rotation group) and improper rotations
operations 10 (I being the inversion operator) can be reduced to that of the corresponding
generating functions. To that end, we reformulate M(l m = V X (Clﬂ(z m)) in Eq @)) usmg the
angular momentum operator L, ie. s My = OMzﬁ(l m) = ——L!//(l m), where Oy = ——L and
L=—-itrxv (replacmg r with z for 2D case). Taking O as the proper rotation operator, one can
prove that OxM, (m) = OMORl//(l m)» which is equwalent to the fact that the two operators Og and
Oy commute with each other, i.e., [OR, OM] OOy — 0y Or = 0. As for the i improper rotations
operators 1 OR, one instead can prove 1 ?RM (tm) = —QMI ORLJi(é m)s WthP aArrlounts to the anti-
commutation relation between IOg and Oy, i.e., {IOg, Oy} = IOgOp + OplOg = 0. As for the
electric multipoles given by N(; ) = ON&(LM) with Oy = %V x Oy, one can prove that the operator
Oy commutes with both Ok and 10g, i.c., ORN(Lm) = ONOR&(Lm) and iORN(/,m) = ONiORgﬁ(;,m),
see details in Appendix A. Evidently, the symmetry properties between electric multipole N,
and modified generating functions (Z(g,m) with respect to proper and improper rotations are
completely same, while the symmetry properties of the the magnetic multipole M(;,, are the
same as that of ¢, under the proper rotation, but opposite to ¥, under improper rotations.
As a result, the classification of symmetry properties of electromagnetic multipoles can simply
be reduced to investigate the symmetry properties of the modified generating functions [33]. For
any given large symmetry group, it can be divided into a number of subgroups, which correspond
to a few fundamental symmetry groups that can be used as building blocks for complex symmetry
operations. In the following, we examine the constraints on the electromagnetic multipoles of the
eigenmodes imposed by those fundamental symmetric operations. To this end, we first recall
the symmetric properties as well as its properties under a certain symmetric operation of the
electromagnetic multipoles. In the following, we inspect how the modified generating functions
in Eq. (6) transform with respect to proper and improper rotations, as such the corresponding
symmetry properties of electromagnetic multipoles are extracted.

W(Z m) — (7)
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2.3. The constraints of electromagnetic multipoles by fundamental symmetry opera-
tions

2.3.1. Rotation and reflection in 2D

The 2D proper rotation O in cylindrical coordinates (z-axis as the rotation axis) is represented
as Cy; : ¢ — ¢ +2m/n. Acting the operation Pc,, on the modified generating functions U leads
to the following relation,

7 T — —im3Z& =
PC,z;wm = lﬁm (anlr) =e " lﬁm, (8)
where m is the angular quantum number of i,,,. From Eq. (8), one concludes that i, is symmetric

(antisymmetric) under rotation C,,; dependingonm = Nn (m = (N + %) n), where N is an integer.

As a result, the associated eigenmodes of scatterers with C,,; symmetry only have electric and
magnetic multipoles with m = Nn. The only relevant 2D improper rotation is the reflection
operation, as defined by o, : ¢ — 2¢¢ — ¢, where ¢ is the angle between mirror plane and xz
plane. As the operator o, acts on i, (m # 0), one shall have

Po i = MO0 = QPimboyg )

where the relationship of +m order i,, can be seen in Appendix B. All the other 2D rotations can
be obtained by combining Pc,, and o, together.

2.3.2. Proper and improper rotations in 3D

Choosing z-axis as the principal axis, one notes that there are 4 fundamental 3D rotation
operations in total, i.e., one proper rotation operation C,,, and 3 improper rotation operations, i.e.,
oy, oy, and I, which are the reflection in the vertical plane, reflection in the horizontal plane, and
inversion operation respectively. The 3D rotation operation Cj,; as well as its operation on @;,m)

~ Y
are identical to its 2D counterpart, i.e., Pc, ¥(im) = € " 'n Y(1m). The definition of 3D reflection
o, in the vertical plane is identical to its 2D counterpart, while its operation on :,Z(l,m) (m #0)is
different to its 2D counterpart, as given by

Poum = (1) 2™ ., (10)

due to the fact that different modified generating functions are used. In contrast to o, , the
reflection operation in horizontal plane, defined as o, : 6 — 7 — 6, involves the parity associated
Legendre function P}" (—x) = (—1)”’”P;" (x). Therefore, the operation of &7, on g is distinct
to Eq. (10) and is given by

Poiam = (D™ G (11)

The inversion /, defined as I : ¢ — ¢ + m, 6 — 7 — 6 in spherical coordinate, can be seen as the
combination of o, and Cy,. Thus, the operation of / on afr(mgl) yields,

Pilmy = (1D Fim)- (12)

As a trivial application of o7 (inversion ), one immediately finds out that {(;,, is symmetry/
antisymmetry under the reflection operation oy, (the inversion operation I) with [ + m (I) is
even/odd. It is relevant to point out that all the other rotation operations can be obtained by
combining the four fundamental rotations operations. As the first example, the improper rotation
sp by 27 /n is the combination of C,,; and o7,. The second example is the rotation operation along
x-axis, Cyy for instance, which can be considered as the reflection o7, (xz plane as the reflection
plane) followed by o7,.

According to the relationship of generating functions and electromagnetic multipoles, we sum-
marize the symmetry properties of electromagnetic multipoles in Table 1 which comprehensively
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tabulates the constraints on the electric and magnetic multipoles imposed by the two fundamental
symmetric operations in 2D, and four fundamental symmetric operations in 3D. As a side remark,
the rotation operation C,,; only affects the order m in electromagnetic multipoles, while the
symmetric operation o, impose the constraints on the electromagnetic multipoles with opposite
m. From Table 1, one also notes that the parity of between electric and magnetic multipoles is
different in the presence of o7, or I. For improper rotations, the constraints of electric multipoles
and magnetic multipoles are opposite, which will be illustrated via explicit constraints through
two exemplary scatterers with Cy,, or D3y

Table 1. Symmetry properties of multipoles

. Electric multipoles Magnetic multipoles
Operation
Symmetry Antisymmetry Symmetry Antisymmetry
2D Cy; m = Nn m:(N+%)n m = Nn m:(N+%)n
Ty A—m = am a—m = —am by = ~by, by = by,

Cpz m = Nn m:(N+%)n m = Nn m:(N+%)n
Y=m) _ o 1ym U=m) _ o qym+l b—my _ o yml b—my _ , 1ym

3D v aimy =1 Aim) 1 bmy -1 bmy =D

o, (I + m) even (I +m) odd (I + m) odd (I + m) even

I [ even [ odd [ odd [ even

Both in 2D and 3D, the relation between +m and —m order imposed by o, is only valid for m # 0.

2.4. The symmetry-adapted electromagnetic multipoles for symmetric scatterers

We further employ the standard group approach to classify the symmetry-adapted electromagnetic
multipoles, for a given scattering object with regular geometry that can be described by a certain
point group in either 2D or 3D. To that end, we search a certain combination of electromagnetic
multipoles for each eigenfield of the scattering object, which can be assigned to one of the
irreducible representations of the point group G. The explicit classification procedure has three
steps. In the first step, we consider an eigenfield expanded by a series of modified generating
functions, i.e, ¥ = };,, a(Lm)n/; (¥ = 3, @m¥m), which can be transformed into electromagnetic
multipoles via the operators Oy, and Oy. In the second step, we use the projection operator [35]
acting on the eigenfield i, where the projection operator is given as follows,

1 li i *
Pl=o ) X R Pr (13)

ReG

where /; is the dimension of the i-th irreducible representation of the group G with order g,
¥'(R)" is the character associated with the symmetric operator Pk of group element R and R € G.
In the last step, any rotational symmetry operations associated with the point group G can be
decomposed into the fundamental symmetry operations as listed in Table 1. As such, one can use
the projection operator to find out the symmetry-adapted electromagnetic multipoles, from which
the constraints on the expansion coefficients of electromagnetic multipoles can be extracted, see
an example in Appendix C. In the following, the classification procedure is applied separately to
a 2D scatterer with Cy4, symmetry and a 3D scatterer with D3j, symmetry.

3. Results and discussion

3.1. Symmetric scatterers with C4, Symmetry

Here we consider the eigenmodes associated with a 2D scattering object with a Cy, rotational
symmetry. The character table of the C4, group is shown in Table 2. In Cy,, there are four 1D
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irreducible representations and one 2D irreducible representation, see row 2 - row 6 in Table 2.
Each row from row 2 to row 6 corresponds to an irreducible representation, which can be assigned
to the corresponding eigenmode expanded in terms of electromagnetic multipoles of the scatterer.
With the assistance of the projection operator, i.e., P!, one is able to build up the connections
among the different multipoles for each irreducible representation, as tabulated in Table 2.

Table 2. Character table of C;, and constraints on electromagnetic multipoles

Cyy E Cy 2Cy 207, 204 Electric multipoles Magnetic multipoles

Ay 1 1 1 1 1 m=4N, a_, = ay m=4N, b_, = —by,

Ay 1 1 1 -1 -1 m=4N, a_, = —an m=4N, b_,, = by,

B 1 1 -1 1 -1 m=2+4N,a_, = ap m=2+4N,b_, = —by,
B> 1 1 -1 -1 1 m=2+4N,a_, = —ay, m=2+4N,b_, = by,
E 2 -2 0 0 0 m=1+2N,y=n m=1+2N,y=n

y = [arg (a}wl +1) —arg (“zlwz—l )] - [arg (azthIH) —arg (aiNz_l)] and a is replaced with b for magnetic multipoles.

All the operations can be obtained from the group generators or the combined operations of
the group generators, thus it is sufficient to just examine the constrains of multipoles from the
symmetry operations of the group generators. For example, there are 8 elements in the group
Cy4y, while the number of the generators of Cy, is just 2, i.e., C4 and o,. Indeed, the four 1D
representations can be distinguished only by considering the generators C4 and o, forming
the character table of Cy4,. Thus, the constraints from symmetry considerations for the four
1D representations boil down to the requirements imposed only by C4 and o, leading to the
selected value of m (m = 4N) and the phase relations between a,, and a_,,. Evidently, we make
full wave simulation with a cross structure with group Cy, in COMSOL Multiphysics as shown
in Fig. 1, where the modal profiles of E, or H, are shown in Figs. 1(a)-1(d) and the a or b
coeflicients are plotted in Figs. 1(e)—1(h). Figures 1(a) and 1(b) illustrate the pure electric and
magnetic multipoles of B; representation respectively, and the corresponding a or b coefficients
of electromagnetic multipoles are presented in the second row of Fig. 1.

As for the 2D irreducible representations, there are two degenerate modes, which are orthogonal
and form the basis. Without loss of generality, we take the two degenerate modes shown in
Figs. 1(c) and 1(d) as the modal basis for the 2D irreducible representation. Under such
circumstance, the matrix representations of each group elements can be given explicitly. For
instance, choosing the red lines as the mirror plane for o, and o, in class 20, the matrix

0 -1 -1
representations of two generators are given by Cy4 = and oy, = . By acting
1

C4 twice, one can get Cy = 0 , which indicates that the two degenerate eigenmodes
-1
shown in Figs. 1(c) and 1(d) are anti-symmetric under C, operation. Moreover, the symmetric
properties of C, requires that m must be an odd number. One also notes that the two generators
o, and Cy4 share the same character for the E representation. The symmetry operation in 20,
requires a phase relation between +m electromagnetic multipoles within one mode, while the
symmetry operation in 2Cy4 give rise to the connections between the two degenerate modes.
The aforementioned two requirements can be combined and generalized into a single relation

asy = [arg (a}wlﬂ) —arg (“sz—l)] - [arg (afwl“) — arg (afwz_l)] = 7 (a is replaced with b
in magnetic multipoles), where the superscript represents two degenerate modes, N and N,
are integers. Though our discussions are based on the eigenmodes shown in Figs. 1(c) and
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Fig. 1. The profile (a-d) and multipoles composition (e-h) of four different modes in
the 2D cruciform scatterer with Cy4, symmetry. Only the first mode (a) is TM mode,
and other three modes are TE modes. The first two modes (a,b) are both representation
By where a, = —a_j in (e) and b_p = by in (f). (c,d) are a pair of degenerate modes
with E representation, and the red lines represent the mirror plane of operation in 20,.
The phase between four magnetic multipoles b.; and b.3 in (g) or (f) are different,

however, it is easy to check y = ([arg (b}) —arg (bll)] - [arg (b%) —arg (b%l)] =

o o) - )] - ) )| =

1(d), the single relation y = 7 summarized here is general and independent of the modal basis,
due to the fact that rotating the eigenmode basis only modifies the explicit forms of matrix
representations of the symmetry operators without modification of the characters, i.e., the trace
of matrix representations for each symmetric operation is unchanged.

3.2. Symmetric scatterers with D3, symmetry

We continue to discuss and interpret the constraints of electromagnetic multipoles obtained from
the aforementioned group approach for a triangular prism with equilateral triangle section, which
is a 3D scatter with the D3, symmetry. The character table and the constraints of electromagnetic
multipoles are listed in Table 3. In contrast to Cy,, there are 6 irreducible representations in
D3y, group, i.e., 4 1D representations and 2 2D representations, as listed in the row 2 - row 7
shown in Table 3. The group D3 can be seen as the direct product of group Cy; and D3, i.e.,
D3, = D3 ® Cyj,. Therefore, both the group generator of Cyj and those of D3 are the generators
of D3y, i.e., o3, C3 and Cé. Notably, o7, is the generator of Cyj, which is the generator of D3y,
that distinguishes the 1D and 2D irreducible representations as shown in Table 3. The other two
group generators, i.e., C3 and C), (r rotation with axial in horizontal plane), together distinguish
the 4 1D representations of D3, as displayed in Table 3. Since C), can be seen as two successive
operations, i.e., o, followed by o7, we can replace Cé with o, as generator in D3, for convenience.
As a result, we can use the similar approach to interpret the four 1D representations in D3, as
those in Cy,. In Figs. 2(a)-2(d), we show two eigenmodes of different representation. Figures 2(a)
and 2(c) represent the first mode and rest figures represent the other. We choose different planes
to show the features of the modes in complex 3D scatterers. The group theory method is still
valid in the 3D situation. In Figs. 2(a) and 2(b), we choose xy plane which displays the impact
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of 0, and C; on E,. The field distribution of E, in the one mode is unchanged and the other is
inverse under the operation o,. In Figs. 2(c) and 2(d), we choose yz plane which displays the
impact of oy, on Ey, we get two modes of different representations because the character of o,
operation for the first modes is -1 and the second is 1.

0.8 0.8 0.8 0.8 1

(a) Ez (b) Ez (© Ey (d) Ey
- o - 0 Nool L | v o e |
0.8 0.8 0.8 0.8
0.8 0 0.8 0.8 0 0.8 -0.8 0 0.8 0.8 0 0.8 1
X y y
(e) 0 1 ® 90 (g 9% , (hy o0

270 o 270 B 270 —buy 270 —bu
== =D == =bs bo2) Do)
_b(3,3) _b(z,s) b(z,z) b(Z.Z)

Fig. 2. The modal profiles (a-d) and multipolar decomposition (e-h) for the eigenmodes of
the scatterer with D3;, symmetry. (a,b) The field distribution of E in x-y plane, the character
of o, operation for mode shown in (a)/(b) is -1/1; (c,d) the field distribution of Ey in y-z
plane, the character of 0, operation for mode shown in (c)/(d) is -1/1. (e,f) The multipolar
coeflicients of the modes with 1D representation, where the first mode has non-zero a(j )
and b(3 _3) = —b(3 3), and the second mode has non-zero b3 gy and b3 _3) = b(33). (g,h)
The multipolar coefficients of a pair of degenerate modes, with special requirements on the
order m and the phase correlations between different multipoles.

By definition, as the projection operation P of a certain representation is projected onto
the eigenmode with the exactly same representation, we get the eigenmode itself with proper
normalization, otherwise we get null projection for the eigenmodes with different representations.
Thereby, we firstly act each projection operation, i.e., see the entities in the first row of Table 3,
onto the corresponding eigenmode to obtain the constraints of electric and magnetic multipoles,
as listed in the 8th and 9th column in Table 3 respectively. Next, we perform the numerical
calculations of the eigenmodes using finite element method (FEM) of the same scatter as examined
in Table 3 and further implement the multipolar decomposition numerically, the multipolar
coefficients of which are shown in Figs. 2(e)-2(h). Lastly, we analyze the multipolar components
of the eigenmodes of the scatterer with D3, symmetry from two independent approaches, our
group approach and the FEM modelling. As an example, the numerical electromagnetic multipole
decomposition of the eigenmode with A} representation shown in Fig. 2(e) leads to the following
results: (1) the existence of non-zero a(j o), (2) b33y = —b(33). As for the electric multipole
M10),1.e., m = 0 and [ +m odd, it is straightforward to verify that the electromagnetic multipoles
indeed fulfill the requirements given in the Table 3 for A|’ representation. Moreover, as for the
magnetic multipole Nj=3 =43, i.€., m = 3, b3 _3) = —b3 3) and [ + m even, the relative relations
between the Nj=3,,=3 and N;=3,,=—3 is also consistent with the constraints of the magnetic
multipoles given in Table 3 for A}’ representation. The same conclusion can be drawn for the
eigenmode with A7’ representation, see the numerical electromagnetic multipole decomposition
in Fig. 2(f) and the corresponding constraints in Table 3.
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Table 3. Character table of D3;, and constraint of multipoles

D3y, E o 2C3 2s3 3C’2 30y Electric multipoles Magnetic
multipoles

Al 1 1 1 1 1 1 m=3N, ([ +m) m = 3N, (I +m)
even;na(l,_m) = odd, by =
(_]) At (_1)m+1 b(l,m)

Aj 1 1 1 1 -1 -1 m = 3N, (l+m) m = 3N, (l+m)
even, a(,—m) = Odd’rrl?(l’_m =
D" ag ) D" bam

Al 1 -1 1 -1 1 -1 m = 3N, (l+m) m = 3N, (l+m)
odd, a(;,—m) = even, b(j—m) =

n

(_l)m+l Aim) (=1) b(l.m)

AY 1 -1 1 -1 -1 1 m = 3N, (I+m) m = 3N, (I +m)
Odd,rg([,_m) = even, b([’_m) =
=1 a(t,m) (_l)m+l b(l,m)

E 2 2 -1 -1 0 0 m=3N=1, m=3N=1,
y=mn,(+m) y=n,(+m)
even odd

E” 2 -2 -1 1 0 0 m=3N =1, m=3N =1,
y=mn,(+m) y=mn,(+m)
odd even

y = [arg (aéNIH) —arg (aéNQ_l)] - [arg (“§N1+1) —arg (‘I%Nz—l)] = 7 and a is replaced with b for magnetic multipoles.

As for two degenerate modes in Figs. 2(g) and 2(h), we use a similar approach in the 2D scenario
by using the explicit modal basis, which essentially contains and only contains the two degenerate
modes. Subsequently, we apply the projection operator P (E”') onto the eigenmodes with the
representation E”’ to obtain the corresponding constraints of the electromagnetic multipoles.
Again, the numerical decomposition of electromagnetic multipoles from FEM calculation, i.e.,
(I + m) is odd and even for electric and magnetic multipoles respectively, m = 3N + 1 and the
phase locking between these electromagnetic multipoles, is consistent with the constraints given
in the Table 3. For the eigenmodes with the other representations, one can further easily check
that the constraints of the electromagnetic multipoles imposed by group symmetry are in perfect
agreements with the numerical simulations of the eigenmodes obtained from FEM modelling.

4. Conclusion

In conclusion, we provide a comprehensive and systematic classification on the symmetric
relations among the electromagnetic multipoles for the geometrically regular scatterers. The key
in classifying the vector field of the optical eigenmodes expanded in terms of electromagnetic
multipoles for symmetric scatterers is to introduce the generating functions, by which the
standard group approach can be applied. Explicitly, we associate the eigenmodes of symmetric
scatterers to individual irreducible representation of the corresponding symmetry group, which
contains a number of fundamental symmetry operations that give rise to the constraints of
the electromagnetic multipoles due to symmetry arguments. We tabulate all the fundamental
symmetry operations both in 2D and 3D, as well as the constrains on the electromagnetic
multipoles. We further apply our group approach to examine the symmetric relation for the
electromagnetic multipoles of a 2D scatterer with Cs,, symmetry and that of a 3D scatterer with
D3, symmetry, both of which are in perfect agreements with FEM fullwave simulations.

The language of electromagnetic multipoles is a fundamental tool to analyze the scattering and
farfield pattern, thereby is important and useful for engineering scattering far field or beam steering.
Using our method, without implementing any numerical calculations of geometrically complex
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but symmetric scatterers, one is able to know the symmetry relations among electromagnetic
multipoles, which is very convenient and instructive. Considering the fundamental role of group
approach in physics as well as that of electromagnetic multipoles in scattering problems, we
believe that the theoretical construction based on the group theory is rather generic, and provide
insightful information about light scattering by symmetric scatterers, and thus can be useful in
designing the geometry of scattering object for directional emission or meta-atoms with more
advanced functionalities in meta-surfaces.

Appendix A: The symmetry relationship between modified generating functions
Y.m) and electromagnetic multipoles Ny, M ;)

We demonstrate 3D case for instance. When any proper rotation operator O acts on magnetic
multipole M,y = r X Vi), we have OpM (i) = R [ X Vyilgm (r')] where r’ = R™'r and

cosacosfcosy —sinasiny —cosacosfBsiny —sinacosy cosa sinf

R =|sinacosBcosy +cosasiny -—sinacosfsiny +cosacosy sinasinf (14)

—sincosy sin Bsiny cos 5

1s re group SO (3), where @ 8 and y are Euler angles. Since OMORW(I m) =T X V,zp(l my (') =

[RV,'z//(, my (I’ )] with V, = RV, it is easy to prove that ORM(, m = OMORl//([ m = 0.
Any improper rotation can be seen as inversion I adds to proper rotation Og and IR = —R, thus
10rM m) t Oul ORI/;([,m) = 0. In similar way, we can get the commutation between Og and Vx,

Or (VXf) -V x (ORf) = R[Vy xf ()] - (RVy) X |Rf )] = 0 where f is any vector. By

replacing R to —R, it is easy to prove that Vx anticommutes with 7Or.

Appendix B: The relationship of +m order of the modified generating functions

The reflection o, in a vertical plane can transform m order electromagnetic multipole to —m
order electromagnetic multipole is based on the relationship between +m of modified generating
functions. Since there is no —m order electromagnetic multipoles when m = 0, this case is
excluded in this section. With the relationship of Bessel (Hankel) function Z_,, = (-1)" Z,,, we
have

om = (=) Zo (kr) €™ = (=) Zyy (kr) ™0 = 2", (15)

By using the relationship of associated Legendre function P, = (=1)" 8 +:Z;, P', we get

o (2[+l)(l+m)!e,im¢P,m (COS 0) 2 (kr)

F = i
Viam VI 1)(I=m)! ! (16)
_ dy1ym N@EHD(I-m)! —im¢ pm — (_1)",—2me ]

=i'(-1) —l(l+1)(l+m)! e P (cos0) z; (kr) = (=1)"e Y(1m)-

Appendix C: An example of using projection operator to get the symmetry-adapted
multipoles

For instance, the projection operator of representation A, in Group Dy, is

|
& (PE+P,,,,+PQ +Pei+ Py + P

_PC'z_PC"z_P"’ _P(r\'l_PU—vZ_PO—vS)’

P(A3) = am
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when it acts on ¢ = Y, agm¥m we get the basis function of Al
ILm

4 4 3 7
v (A7) = Py = 5 [+ 1] auoo
+ — [(_1)l+m + 1] [1 + e_isz’r + eim%"] aq m)l,/;(zm)
12 ’ ’
1,m+0
_ i _1\yn 1\ im3% —im*Z | 2mey 7
0 [( D™ +(=1) ] 1+e"3 +e 3 e a(l,m)zﬁ(l,_m)

1,m+0

1 o i
:Z [(—1)1 + 1] a(l,O)d/(l,O) + E lmZ#) [(_1)l+ + 1]

agmbam  (18)

1+ 2cos (mz?ﬂ)

1 +m
-5 [(=D*™ +1]

1,m+0

1 -
=7 [(=D" + 1] agoyo

em(n7i2¢())a(l,—m)lz(l,m)

4
1+ 2cos (m?ﬂ)

1 l+m
5 [(-D*" +1]

I,m

2r A ~
1+ 2cos (m?)] [Cl(l,m) - elm(7r 2¢0)a(1,_m)] W(Z,m)-

Therefore, when [ + m = even or m = 3N the coefficient of electromagnetic multipole is zero. By
changing m to —m, we find the coeflicients between +m order multipoles have same absolute
value and a phase difference —e”%0~7)_In addition, the projection can only find one of basis
functions of high order representation, the rest of them should be acquired by orthogonality and
normalization.
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