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Abstract: In Hermitian photonic devices, S-parameters, i.e., the elements of a scattering matrix
based on integrated power flux and Hermitian modal orthogonality, are used to account for the
transmission or reflection of light from one port to another. The definition of S-parameters in
Hermitian settings becomes inappropriate in the non-Hermitian optical environment. Here we
revisit the fundamental problems associated with extracting the S-parameters of light in photonic
PT-symmetric devices, i.e., waveguides or coupled waveguide-cavity systems, wherein the
waveguide ports themselves may also be non-Hermitian. We first use the bi-orthogonal inner
product that restores the modal orthogonality on the waveguide ports containing balanced gain
and losses to quantify the modal overlapping instead of Hermitian inner product. Secondly, a finite
element implementation is proposed and realized to extract the S-parameters on non-Hermitian
ports. Lastly, we illustrate our approach of calculating the S-parameters on non-Hermitian ports
via two waveguide-lattice structures. The numerical results of S-parameters are validated against
the constraints imposed by reciprocity and PT-symmetry.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

S-parameters in electrical engineering describe the electrical behavior of linear electrical networks
when undergoing various steady state stimuli by electrical signals. The network concept of circuit
under long wavelength approximation can be extended to microwave and optics regime [1], and
provides intuitive ideas of the circuit analysis for the coupled photonic devices. To apply the idea
of circuit concept, i.e., using scattering matrix to describe the light flow in photonic devices, the
key is to define the appropriate channels funnelling the optical power flux in and out [2]. Usually,
those channels are taken as different optical modes, i.e., either bounded in waveguides or freely
propagating in free space, which form an orthogonal and complete modal basis in Hermitian
photonic devices.

Considering recent development in non-Hermitian photonics [3,4], PT-symmetry in particular
[5–11], it is natural to ask: (1) can the circuit concept be extended to non-Hermitian photonic
devices connected to waveguide channels? (2) and can the connected waveguide channels which
guide the light flow in/out the photonic devices themselves be non-Hermitian? The answer to the
first question is positive as evident by the recent work of Ge and many others on the scattering
properties of PT symmetric system. It is found out that the coherent perfect absorber (CPA)
and PT laser absorber utilize the eigenvalues of scattering matrix corresponding to poles and
zeros [12, 13], and the condition of corresponding singular blocks in the scattering matrix is
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utilized to identify perfect transmission [14]. Moreover, S-parameters also play a crucial role in
studying the topological properties of exceptional points (EPs) in PT symmetric systems [15,16].
However, to the best of our knowledge, the second question associated with non-Hermitian

waveguide channels (coined as non-Hermitian ports onward) and its numerical implementation
is yet largely open to answer. The difficulty essentially lies in the failure of the Hermitian
modal orthogonality in those non-Hermitian ports. To solve this problem, Zhang et. al [16]
construct left-eigenmodes, which are orthogonal to both right-eigenmodes, via non-orthogonal
right eigenmodes. The transmission coefficients can be then obtained by projecting the transverse
field onto the left-eigenmodes. As the number of modes on the ports is larger than 2, the
construction of left-eigenmodes is extremely complicated. Thus, it is desirable to develop an
easy-to-implement method to obtain scattering matrix associated with non-Hermitian ports.

In this paper, we attempt to address the scattering properties of photonic devices connected with
non-Hermitian ports. With the assistance of bi-orthogonal inner product, we restore the modal
orthogonality in non-Hermitian ports, which can subsequently be used in the modal expansion
for the extraction of S-parameters either analytically or numerically. We further propose a finite
element implementation of the non-Hermitian port, emphasizing on its numerical realization on
the boundaries.

This paper is organized as follows. In Section 2, we develop the basic concepts and principles
in non-Hermitian ports, and then describe how the non-Hermitian port is accompanied with
orthogonal modal functions under the bi-orthogonal inner product, and implemented in finite
element calculations. In Section 3, we calculate S-parameters of two concrete examples in
waveguide lattice from non-Hermitian ports using the aforementioned method, which is further
verified by the constraints imposed by reciprocity and PT- symmetry. Finally, Section 4
concludes the paper.
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Fig. 1. (a) Schematic diagram of light scattering of a photonic device connected with a few
waveguide channels indicated by the light blue segments S. The field inside the waveguide
channel S is given by φ = [et ht ]. (b) Parallel plate waveguide. The light blue segments
represent the waveguide channels, φ1 and φ2 are eigenmodes on the left boundary, while φ3
and φ4 are eigenmodes on the right boundary.

2. Principles in non-Hermitian port

2.1. Basic concepts in Hermitian port: scattering matrix, modal orthogonality and
energy conversation

For self-consistency, we first introduce the basic concepts associated with Hermitian ports, i.e.,
scattering matrix, modal orthogonality as well as the conserved physical quantity, the counterparts
of which in non-Hermitian settings will be discussed shortly. As an example of circuit analysis
shown in Fig. 1(a), a photonic device is enclosed by fictitious boundary with 4 openings, each of
which is connected with photonic waveguides. Light propagating in these waveguide channels
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are given by the superposition of the eigen-solutions of Maxwell’s equations,

Et
µ(x, y, z) = (aµe−iβµz + bµeiβµz)etµ(x, y), (1)

where aµ is the complex amplitude of the light wave entering the photonic structure, bµ is
the complex amplitude of the wave propagating in the reverse direction (leaving the photonic
device), µ is the mode label, and βµ is the propagation constant. In consistency, the magnetic
field is H t

µ(x, y, z) = (aµe−iβµz − bµeiβµz)ht
µ(x, y). In general, the different modal structures in

those photonic waveguides are taken as different energy channels (ports that may or may not be
overlapped in real space), in contrast to the separate ports in electrical network. Without mention,
we assume there is one-to-one correspondence between one port and one in-coming or out-going
wave. The modal fields of different ports are orthogonal if the scattering inside the boundary
∂Ω does not occur regardless of the physical overlapping of the modal field in real space. If the
scattering inside the boundary ∂Ω indeed occurs (usually true), the field overlapping between the
modes belonging to different ports is not necessarily zero, which is reflected by the non-zero
elements in the scattering matrix. If different modal fields associated with different ports share
the same cross section, such as two orthogonal modes propagating along a multimode waveguide,
it is relevant to keep the exact modal orthogonality in extracting the scattering matrix.

In Hermitian photonic system, the Hermitian inner product is defined to characterize the mode
orthogonality as follows, 〈ψ,φ〉 =

∫
ψ†φdΩ, where φ and ψ are the vector field containing

electric field components and magnetic field components. Therefore, the mode orthogonality can
be explicitly expressed as follows,

Pδi j =
∬

eti × ht∗
j + et∗j × ht

idxdy, (2)

With projection onto the orthogonal modes associated with different ports, the in-coming/out-
going waves can be given by A and B as column vectors. For linear, time-independent and
passive photonic devices, the out-going/in-coming waves are connected by B = S̄A, where S̄ is
the scattering matrix. The diagonal elements of S̄ are the reflection coefficients into backward
propagating modes, whereas off-diagonal component Si j denotes the transmission to port i with
excitation imposed on port j. In Hermitian photonic devices, the total power of the out-going
waves shall be equal to total incident power, which leads to the conservation relation of the
scattering matrix as follows [17, 18],

S̄†S̄ = Ī, (3)

where † represents the Hermitian transpose of S̄.

2.2. Modal orthogonality in non-Hermitian port

In photonic devices with non-Hermitian ports, the aforementioned relation in Hermitian setting,
i.e., the Hermitian modal orthogonality as well as conserved power flux are not valid. It is
our intention to address this problem in PT symmetric devices, where the Hermitian modal
orthogonality and power conservation need to be restored. In our previous work, we prove that
the waveguide problem can be reformulated as a generalized eigenvalue problem determined
by

(
L̄, B̄

)
, i.e., L̄φ = βB̄φ, see more details in Chen’s work [19]. Interestingly, we further

show that the waveguide reciprocity, i.e.,
(
ψ, L̄φ

)
=

(
L̄ψ,φ

)
, under bi-orthogonal inner product

requires that the materials of the waveguides are reciprocal (ε̄r = ε̄Tr , µ̄r = µ̄Tr ). Importantly, the
waveguide reciprocity can be reformulated into modal orthogonal relation as given by

(βφ − βψ) 〈ψ,φ〉 = (βφ − βψ)
∫
ψT B̄φdΩ = 0, (4)
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where βφ ( βψ) is the propagation constant( eigenvalue) associated with mode φ (ψ). It is
worthy to point out that physically the modes φ and ψ usually can be taken as the forward and
backward propagating modes. Explicitly, the mode orthogonality under bi-orthogonal inner
product, Pδi j =

∬
dxdyψT

j B̄φi [20], can be given in terms of forward and backward propagating
modes,

Pδi j =
∬

etψi
× ht

φ j
− etφ j

× ht
ψi

dxdy, (5)

where eφ/hφ (eψ/hψ) is the electric/magnetic field associated with mode φ (ψ). Notably,
Eq. (5) has the physical meaning of un-conjugated form of Poynting vector along the propagation
direction [21]. For the convenience of calculation, φ and ψ are usually linked by additional
symmetry. For Hermitian situation, where time reversal symmetry exists, the relation between
forward propagating mode and backward propagating mode is ψ = σ̄φ∗, where σ̄=diag[1 1
-1 -1], which reverse the sign of transverse magnetic field while the transverse electric field
remains unchanged [22]. However for the non-Hermitian port with presence of gain and losses,
the time reversal symmetry does not apply. In contrast, the chiral symmetry is still valid, from
which the backward propagating mode can be expressed as ψ = σ̄φ [22]. Thus, Eq. (5) provides
a convenient procedure of calculating the normalization factor in the numerical extraction of
scattering matrix in our non-Hermitian ports. The normalized modal field is given by ˜φ =

√
Pin

P φ,
where P is calculated using Eq. (5) and Pin is the integrated power flux of the incident mode.

2.3. Numerical considerations in FEM

We proceed to discuss the practical implementations of non-Hermitian port in FEM, which are
realized in a commercial software package: COMSOL MULTIPHYSICS [23]. A typical finite
element calculation of scattering problem is to impose the excitation on the boundary ∂Ω, while
the modelling domain Ω where light scattering occurs is source-free and given by,

∇ × (µ̄−1
r ∇ × E) − k2

0 ε̄rE = 0. (6)

The scattering object is contained in spatial dependent relative permittivity ε̄r (r) and relative
permeability µ̄r (r), and k0 is vacuum wavenumber. The next step is to test Eq. (6) using test
function F, which yields the weak form [24,25] of Eq. (6),∫

Ω

dΩ{∇ × F · µ̄−1
r ∇ × E − k2

0F · ε̄rE} −
∮
S

F · n̂ × µ̄−1
r ∇ × Eds = 0, (7)

where the first term of Eq. (7) corresponds to the contribution from volume integral, the second
term accounts for the various contributions from the boundaries, such as the numerical ports for
the excitation (absorption) from the in-coming (out-going) light wave. As shown in Fig. 1(a),
only perfect electric conductor (PEC) boundary conditions and ports are concerned for simplicity.
As for PEC boundary condition, the corresponding contribution in Eq. (7) vanishes. Therefore,
the boundary contribution in Eq. (7) is simplified as the integral on the ports,∫

Ω

dΩ{∇ × F · µ̄−1
r ∇ × E − k2

0F · ε̄rE} −
N∑
k=1

∫
Sk

Fk · n̂ × µ̄−1
r ∇ × E(k)wgds = 0, (8)

where E(k)wg is just the superposition of eigen-solutions as given in Eq. (1). In Eq. (8), the surface
integral implicitly accounts for the continuity condition of the tangential magnetic field on the
ports. Beside, the field continuity condition of the tangential electric field also needs to be taken
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into account. Accordingly, the weak form of continuity condition of electric field can be given as,∫
Sk

Fk · n̂ × E × n̂ds =
∫
Sk

Fk · n̂ × E(k)wg × n̂ds, (9)

where the tangential components of the test function on the port, Fk , is usually chosen according to
the existing symmetry associated with the ports. In photonic devices with Hermitian ports, where
time reversal symmetry exist, the test function on the port is chosen as the time reversal symmetry
partner of waveguide mode E(k)wg, i.e., Fk,E = E(k),∗wg for electric field. As for non-Hermitian ports,
the time reversal symmetry apparently does not hold. However, if the material tensor associated
with waveguide on the ports is isotropic, the chiral symmetry is actually valid, and can be used
to find the proper test function. Explicitly, the chiral symmetry essentially maps the forward
propagating mode into the backward propagating mode, leading to the following choice of the
test function on the non-Hermitian port, i.e., Fk,E = E(k)wg for electric field, see details in Xiong’s
work [22]. In relation to the practical implementation, we summarize the detailed comparisons
between the Hermitian port and non-Hermitian port for completeness and self-consistency, see
Appendix A.

3. Results and discussions

3.1. Light transmission in waveguide lattices

In the following, we investigate the light transmission in one-dimensional dimerized PT-
symmetric waveguide lattices. In particular, we demonstrate how the non-Hermitian port
implemented in finite element simulation can be used in modelling the scattering behavior in
non-Hermitian photonic settings, as well as the relevance of modal orthogonality in extracting
S-parameters. As sketched in Fig. 2(a), the first example we consider here is a PT-symmetric
waveguide lattice propagating along the x-axis. Each unit cell consists of two geometrically
identical waveguides (width t = 0.1λ0), with distance d = 0.7λ0 and lattice constant D = λ0,
λ0 vacuum wavelength. In the dimerized waveguide lattice, the relative permittivity of the
waveguide with gain/loss (marked in blue/red) is εr = 10 ± iεi , where εi represents the strength
of non-Hermiticity. For simplicity, we study numerically the light propagation (along the x-axis)
inside single unit cell by taking advantage of periodic boundary condition along the y-axis, as
shown in Fig. 2(b), where port 1 and 2 (3 and 4) on the left (right). As the non-Hermiticity is not
large, i.e., the value of εi is small, the structure is still PT-symmetric, where the eigenmodes on
both left and right ports are a pair of super-modes with real modal indices. To be specific, the
symmetric and antisymmetric super-mode on the left (right) ports are taken as port 1 and 2 (3
and 4), respectively. In contrast with parallel waveguides shown in Fig. 2(b), the unit cell in the
second example, see Fig. 2(d), includes two unparallel waveguides with d decreased gradually
from 0.7λ0 to 0.3λ0. In addition, the distance d between two waveguides in Figs. 2(d) and 2(e)
on the left boundary plus that on the right boundary equals to the lattice constant D. All the rest
of other settings are the same as those in the first example.
In the first example with εi = 0.1, Figs. 2(b) and 2(c) present the field amplitude of light

propagating from left to right using Hermitian and non-Hermitian port settings respectively. The
excitation is imposed on port 1 with symmetric modal profile, while the ’sink’ boundary condition
on ports 3 and 4 is implemented on the right. In Fig. 2(b), the Hermitian port on the right
obviously give rises to reflection, as evident the pattern of the standing waves. In sharp contrast,
the proposed non-Hermitian port absorbs right-propagating wave 100% as shown in Fig. 2(c).
In the second example for unparallel waveguides with εi = 0.1, see Fig. 2(d) with Hermitian
port and Fig. 2(e) with non-Hermitian port, the distance of the two waveguides varies gradually,
leading to the modified modal indices of two supermodes. Figures 2(f) and 2(g) show the modal
indices as a function of waveguide distance d. It is worthy to point out that waveguide distance
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Fig. 2. (a) The schematic diagram of a parallel waveguide lattice, and the red and blue
waveguides correspond to those with gain and losses respectively. (b) Result of parallel
waveguide lattice via Hermitian port. (c) Field amplitude of parallel waveguide lattice via
non-Hermitian port. (d) Field amplitude of unparallel waveguide lattice via Hermitian port.
(e) Result of unparallel waveguide lattice via non-Hermitian port. (f) Real part of the modal
index as a function of distance d. (g) Imaginary part of effective mode index as a function of
distance d.

d is a periodic function of propagation distance x. Apparently, there are three PT-symmetric
phases (the first unbroken phase with d ∈ [0.3, 0.4], broken phase with d ∈ [0.4, 0.6] and the
second unbroken phase with d ∈ [0.6, 0.7]) as d varies, separated by two exceptional points with
d = 0.4 and d = 0.6 respectively. For such complicated modal evolution, it is interesting to
see whether the Hermitian port and non-Hermitian port can absorb light completely under the
adiabatic approximation. Evidently, the Hermitian port in Figs. 2(d) gives rise to significant
artificial reflection, while non-Hermitian port proposed in this paper shown in Figs. 2(e) does
not, which unambiguously shows that our non-Hermitian port indeed works very well.
We further study the robustness of the non-Hermitian port from the numerically extracted

S-parameters by using the proposed non-Hermitian port. Figure 3 shows the differences of
S parameters between Hermitian and non-Hermitian port, as εi varies from 0 to 0.35. For
the parallel waveguide lattice, the exact PT-symmetry is maintained in the whole range of εi ,
rendering real values of the propagation constant. Thus, the incident light propagates without
gain or losses. As shown in Figs. 3(a) and 3(b), under non-Hermitian port setting ( blue line
|S31 | and asterisk |S13 |), the sum of |S31 |2 and |S11 |2 equals to 1, and both |S11 | and |S33 | are 0,
which is consistent with the principle of power conservation in the PT-symmetric phase. In
contrast, for the Hermitian port settings, the calculated S-parameters ( yellow line |S31 | and circle
|S13 |) apparently violates the power conversation, i.e., |S31 |2 + |S11 |2 > 1, and the total output
power increases for larger εi . The similar results for unparallel waveguide lattice are shown in
Figs. 3(c) and 3(d). Due to the fact that the coupling strength between the two isolated waveguide
modes inside the unit cell is the weakest at the middle of the structure, the exact PT symmetry is
broken at εi = 0.06, which separates the whole region of εi into two parts, i.e., one (white region)
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Fig. 3. (a) S31 and S13 obtained from Hermitian port and non-Hermitian port; (b) S11 and
S22 obtained from Hermitian port and non-Hermitian port; (c) S13 and S31 obtained from
Hermitian port and non-Hermitian port; (d) S11 and S22 obtained from Hermitian port and
non-Hermitian port.

contains EPs, the other (gray region) does not. Actually, the white region corresponds to the
situation where modal evolution in the unparallel waveguide lattice encounters the EP twice as
light propagates along the x-axis from left to right. In the gray region of Fig. 3(c), the power
conservation is preserved due to the presence of exact PT-symmetry during light propagation,
i.e., unitary transmission with |S31 | = 1 (|S13 | = 1). Indeed, the calculated transmission from
non-Hermitian port is nearly 1, while the value obtained from Hermitian port is largely deviated,
see inset in Fig. 3(c). In the white region of Fig. 3(c), i.e., εi > 0.06, light propagates through
two regions, i.e., PT symmetry phase with unitary transmission, PT-symmetry broken phase
with amplified amplitude. Evidently, the transmission increases as εi becomes larger for the
non-Hermitian port, see Fig. 3(c), due to the longer amplification region of the light propagation
in the PT-symmetry broken phase. In this regard, the non-Hermitian port captures the increasing
feature of |S31 |(|S13 |) as εi increases, while Hermitian port fails again. Moreover, as shown in
Fig. 3(d), the non-Hermitian port gives rise to the full transmission i.e., |S11 | (|S33 |) = 0, due to
adiabaticity. In contrast, the Hermitian port (orange line for S11, orange circle for S33 ) gives
rise to artificial reflection. In summary, the calculated S-parameters from non-Hermitian port is
physical, which is not true for the results obtained from the Hermitian port.
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3.2. Symmetry properties of scattering matrix: numerical verification

Considering the aforementioned waveguide lattices, including the parallel and unparallel lattice,
the geometric configurations as well as the material properties associated with the waveguide
lattices preserve certain symmetry, i.e., reciprocity and PT-symmetry. Therefore, it is interesting
and relevant to see whether those symmetry could impact on the scattering matrix. Indeed,
reciprocity requires the scattering matrix S̄ to be symmetric [26],

S̄ = S̄T , (10)

while the PT-symmetry requires that the scattering matrix S̄ fulfills the following constraint [6],

PTS̄PT = S̄−1. (11)

Therefore, one can use Eq. (10) and Eq. (11) to identify the symmetry properties of the scattering
matrix obtained using our non-Hermitian port, and thus validate the proposed non-Hermitian
port from symmetry constraints imposed by reciprocity and PT-symmetry. To that end, we

reformulate the 4× 4 scattering matrix S̄ into 2× 2 block matrices, S̄ = ©­«
r̄ t̄ ′

t̄ r̄ ′
ª®¬, where r̄ , r̄ ′, t̄

and t̄ ′ are 2x2 matrices. As a concrete example, the scattering matrix S̄ extracted from unparallel
waveguide lattice shown in Fig. 2(e) ( the same εi = 0.1 as that in Figs. 3(c) and 3(d)), is given by

r̄ = 0̄, r̄ ′ = 0̄, t̄ =


0.59 + 0.99i −0.58 + 0.33i

−0.58 + 0.33i 0.48 − 1.05i

 , t̄ ′ =


0.59 + 0.99i −0.58 + 0.33i

−0.58 + 0.33i 0.48 − 1.05i

 .
Here the time-reversal operator T is simply a complex conjugate and the parity operator P can
be presented as a matrix form, P = diag[1, -1, 1, -1]. Importantly, the numerically extracted
scattering matrix S̄ satisfies the constraints imposed by reciprocity and PT-symmetry. We find
that symmetric constraints imposed by reciprocity and PT-symmetry can be satisfied in the
whole range of εi (not shown here) or other geometric configurations of waveguide lattices, not
limited at the special value εi = 0.1, nor the particular waveguide lattice shown in Fig. 2(e).

0 0.1 0.2 0.3
0

2

4

6

r

10
-3

parallel waveguide lattice

unparallel waveguide lattice

Fig. 4. The relative error of the PT-symmetry constraint.

Lastly, we examine the relative error r, i.e., r = PS
∗P−S−1

‖ |S | ‖max
and ‖|S |‖max = max{

��Si j ��}, as a
function of εi in Fig. 4. Evidently, we find that the maximum relative error r for either the parallel
waveguide lattice or unparallel waveguide lattice, is less than 1%, which can be considered as
reasonably accurate results. Briefly, the symmetry considerations as well as relatively accurate
results indicate the strength of our proposed non-Hermitian ports that might readily be useful for
the modelling of non-Hermitian photonic devices.
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4. Conclusions

In summary, we develop the concept of non-Hermitian ports that work reasonably well in
the waveguide port containing gain and losses. In our model, the modal orthogonality on
the non-Hermitian ports is restored using bi-orthogonal inner product, and the finite element
implementation of non-Hermitian port is realized using similar procedures as those of the
conventional ports, i.e., tangential field continuity of electric and magnetic fields, but with
carefully chosen test function and normalization condition that are consistent with the bi-
orthogonal inner product. We further use our non-Hermitian port to numerically extract the
scattering matrices from two different PT-symmetric waveguide lattices and compare the
results with those obtained from Hermitian port. The comparison shows strong evidence that
the scattering matrices from our non-Hermitian port are physical. In contrast, the scattering
matrices from the conventional Hermitian port yields unphysical results. We further examine
the constraints imposed by the existing symmetry associated with the waveguide lattice onto
the scattering matrix, and find that our numerically extracted scattering matrices indeed reflect
reciprocity and PT symmetry of the waveguide lattice, which can be seen as a further evidence
that our non-Hermitian port can be used to model the non-Hermitian photonic devices. Lastly,
we study the relative error (the maximum is less than 1%) of our numerical realization of
non-Hermitian port by taking advantage of the symmetry properties of the scattering matrix,
showing that the proposed non-Hermitian port is reasonably accurate.

Appendix A: practical implementation of Hermitian port and non-Hermitian port
in finite element method

Table 1. Extracting the scattering matrix element S1j for Hermitian and non-Hermitian port

Hermitian non-Hermitian

Normalization
P = 1

2real(
∬

t ®E0 × t ®H∗0 dxdy) P = 1
2

∬
t ®E0 × t ®H0dxdy

t ®E1(t ®H1) = t ®E0(t ®H0)
√��� Pin

P

��� t ®E1(t ®H1) = t ®E0(t ®H0)
√

Pin

P

Continuity condition of

H field

Weak

Expression

∬
test(on + S1j) · t ®E∗1 · iωµ0

(−®n × t ®H1)(S1j − on)dxdy = 0

∬
test(on + S1j) · t ®E1 · iωµ0

(−®n × t ®H1)(S1j − on)dxdy = 0
Continuity condition

of E field

Constraint t ®E = (on + S1j)t ®E1

Constraint force test(t ®E) = test((on + S1j) · t ®E∗1 ) test(t ®E) = test((on + S1j) · t ®E1)

Table 1 shows the practical implementation of ports for Hermitian and non-Hermitian settings
in finite element method with the target to calculate S-parameter S1j , which refers to the
scenario with excitation on port j but detection on port 1. In Table 1, t ®E0/t ®H0 is the tangential
electric/magnetic field of the waveguide mode on the port calculated directly from mode solver,
t ®E1/t ®H1 is the normalized tangential electric and magnetic field of waveguide mode, and S1j as
well as t ®E (tangential electric field of dependent variable ®E) are the dependent variables which
need to be determined. Since t ®E0 (t ®H0) are calculated from the mode solver, the prescribed
modal profile on the port requires that t ®E0 (t ®H0) needs to be normalized properly. In Hermitian
waveguide, the normalized factor simply is taken as the time-averaged power on the cross section
of the port, while for non-Hermitian port the normalized factor needs to be calculated using
bi-orthogonal inner product, as tabulated in the first row of Table 1. Subsequently, the continuity
condition of the electric and magnetic field needs to be realized: (1) the continuity of magnetic
field is taken into account via the boundary term contribution to the weak form (Eq. (7)), see the
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second row in Table.1; (2) the continuity of electric field is realized by introducing the auxiliary
equations, i.e., t ®E = (on + S1j)t ®E1, which are implemented numerically using the conditions of
constraint and constraint force, given by the third row in Table 1. In Table 1, the term on is equal
to 1 if j =1, otherwise on=0.
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