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Abstract: We revisit the Green’s function integral equation for modelling light scattering
with discretization strategies as well as numerical integration recipes borrowed from the finite
element method. The finite element-based Green’s function integral equation is implemented
by introducing auxiliary variables, which are used to discretize the Green’s function integral
equation. The merits of introducing finite element techniques into Green’s function integral
equation are apparent. Firstly, the finite element discretization provides a better geometric
approximation of the scatterers, compared with that of the conventional discretization method
using staircase approximation. Secondly, the accuracy of a numerical integral inside one element
associated with Green’s function integral equations can be improved by using more quadrature
points, where the singular terms confined inside each triangle can be approximated analytically.
We then illustrate the advantages of our finite element-based Green’s function integral equation
method via a few concrete examples in modelling light scattering by optically large and complex
scatterers in 2-dimensional scenarios.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Green’s function integral equation (GIE) is often used to calculate scattering of light [1-9]. The
boundary conditions of GIE are satisfied directly and the unknowns are only distributed in the
region of the scattering object, which means that only the scatterer is needed to be discretized
and field values at all the other locations can be obtained by overlapping the integration between
the Green’s function and the field inside the scatterer [10-23]. This is an appealing advantage
compared with other methods, e.g., finite element method (FEM) and finite difference time-domain
(FDTD) method, which requires to calculate the region inside the scatterers as well as outside the
scatterer. The introduction of FEM techniques, e.g., advanced discretization strategies [24—26]
and quadrature-rule [4,27], not only yields an improved geometric approximation but also
improves the numerical accuracy of the integral. However, even with the introduction of FEM
techniques, singular behavior of the integrand might be problematic, which limits improvement
of the integration accuracy [27].

Our paper is motivated by many efforts devoted to introducing FEM techniques into GIE [28-30].
In particular, we revisit finite element based Green’s function integral equations (FEGIE) by
borrowing the mature techniques of FEM (triangle discretization and quadrature rule) into GIE. In
contrast to aforementioned work [15,24,31-36], FEGIE can be discretized using either dependent
variables or auxiliary variables. We find that auxiliary variable based FEGIE performs well in
terms of convergence stability and computational load. Auxiliary variables are field values of the
coordinates of the quadrature points inside each element. We can easily interpolate auxiliary
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variables by using dependent variables. The purpose of introducing the auxiliary variables is to
confine the singular behavior of integrand inside its own triangle element such that the singular
term can be further approximated analytically. Notably, the introduction of auxiliary variables can
improve singular contribution from its own element as well as other elements. Lastly, our FEGIE
scheme with auxiliary discretizing GIE is more efficient and shows a stable and fast convergence
with less dependent variables. We also note that the singular behavior of Green’s function in 2D
scattering is rather weak, thus extending our approach to the 3D scattering problems with strong
singular behaviors, though beyond the scope of this paper, is certainly interesting to investigate in
the future.

The paper is organized as follows. In Section 2, we give a brief yet complete description of
Green’s function integral equation, accompanied with two different implementation strategies,
i.e., type-1 FEGIE and type-2 FEGIE [37]. In Section 3, we use FEGIE to calculate the far-field
pattern of single circular rod, 3-layered rod, unidirectional 5-layered rod, and a complex scatterer
with corrugated surface. We find that the two schemes in FEGIE yield considerably accurate
far-field pattern compared with that obtained from Mie theory [38—41] or commercial software
package: Multiphysics COMSOL [42], and yield more accurate far-field pattern compared with
the standard discretization scheme, i.e., staircase approximated with square grids in the case of
weak singularity. Finally, Section 4 concludes the paper.

2. Principles of finite element based Green’s function integral equation

Without losing the generality, we illustrate the seamless integration of finite element techniques
into the volume GIE with a better geometric approximation as well as smaller number of degrees
of freedom (DOFs). Notably, the extension to other types of Green’s function integral equation,
i.e., surface GIE equation, is straightforward and can be implemented in a similar fashion.

2.1. Introduction of Green’s function integral equation in the modelling of light scattering

We give a brief introduction to the volume GIE for completeness. Provided a current source
with its current density J,(r) distributed in the domain Qg, the electric field E(r) in the whole
computational domain Q can be given by

E(r) = —iwpo / g(rr')Js (r) av., (1)
Qg

where g (r,r’) is the dyadic Green’s function determined by [V X V X —k%é,(r)]g(r, r’) =
In6(r —r').

Next, we consider a plane wave (E((r)) incident upon a scatterer (dielectric function given
by €;(r)) embedded in the hosting medium (€,), and we intend to compute the scattering field
E(r) in Q. Importantly, both the incident field E and the total field E(r) = Eo(r) + Es(r)
satisfy the following homogeneous wave equation,

[V XV X ~kj&hg|Eo(r) =0, 2

[V XV x—kj&-(r)]E(r) = 0. (3)

According to the linearity of vector wave equation, one can derive the relation between total
and incident field via the background Green’s function,

E(r):EO(r)+/

r'e

L& r))kg (8(r') = srep) E (r') dv. 4)

Equation (4) is the volume GIE in the full vector form, describing the scattering of three-
dimensional (3D) scatterers. In order to illustrate the basic concepts of how the FEM techniques
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can be useful for GIE, we consider a 2D scattering object under the illumination of TE polarization,
in which case Eq. (4) can be reduced into a scalar form,

E,(r)=E§ (r)+/

r’e

R (r,r)K2 (e (r") = &rep) E; (r') dv, )

where g (r, r’) is the 2D Green’s function, whose explicit expression and its usage to calculate
the far-field pattern given in Appendix A.

2.2. Finite element based Green'’s function integral equations

In the following, we proceed to discuss the geometric discretization of the scatterer as well as
the numerical discretization of GIE. The standard procedure of implementing FEM calculations
basically contains 4 steps [29]: (1) using the grids or elements to approximate complex structures;
(2) selecting proper polynomial functions with order # to interpolate the field within an element;
(3) using Galerkin method to formulate FEM problems defined by certain partial differential
equations; (4) Assembling the matrix and solving the set of linear equations. Our proposed
FEGIE method has the same 4 steps, except that the FEM formulation in step (3) is replaced by
the formulation of the discretized GIE. In FEM, the dependent variables are discretized values of
the field, the coordinates of which are carefully chosen according to the grids and the interpolated
functions. With the assistance of quadrature rules, the numerical integration in FEM can be
highly accurate by interpolating the field values at quadrature points. In contrast, the convergence
of numerical integration in the discretized GIE is more difficult to achieve than that in FEM, due
to the existence of singular terms in the integrand of Eq. (5). The singular terms are generated at
r =r’ in the Green’s function. This is in conflict with the standard FEM implementation, since
the dependent variables are defined at the vertices shared by a number of triangles, which causes
the sharing of singular behavior of the integrand among neighbour triangles.

To overcome this difficulty, the auxiliary variables, i.e., the field values used in the discretization
of GIE, is introduced to remove the singular behavior of integrand from the nearby triangles. Once
the singular behavior is limited inside its own triangle, analytical approximation or singularity
subtraction techniques can be applied to obtain a relatively accurate integration. The auxiliary
variables can be interpolated from the dependent variable, but are not necessarily the same
as the dependent variables. This subtle difference between auxiliary variables and dependent
variables that has not been reported in literature [4,24,25,27] leads to two different strategies of
implementing FEGIE, i.e., named as type-1 FEGIE and type-2 FEGIE, which will be discussed
in this paper. In type-1 FEGIE, auxiliary variables and dependent variables are indeed identical,
which is easier to implement but contains redundant DOFs. In type-2 FEGIE, auxiliary variables
and dependent variable are different, which leads to the significant reduction of DOFs and
conceptual difficulty that will be addressed shortly.

2.21. Type-1 FEGIE

We first consider a simple scenario, i.e., type-1 FEGIE. As an example shown in Fig. 1(a), the
locations of dependent variables and auxiliary variables in type-1 FEGIE coincide at the origins,
i.e., indicated by the blue dots, of the in-circles of 15 triangles. With discretized triangles labelled
by i, one can reformulate Eq. (5) into discretized GIE given by

E; = Eo; + Z 8ijkg (&7 = &ref) EjA; ©)
7

where A; is the area of the jth triangle. Asi = j, the integrand in calculating g;; becomes singular
and can be calculated by approximating the triangle by a circle with the same area. Taking the
gray triangle in Fig. 1(a) for example, the equivalent circle is shown as the red circle, which has
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Fig. 1. A circular disk is discretized into 15 triangles which are further used in (a) type-1
FEGIE and (b) type-2 FEGIE. (c) A small portion, indicated by light gray, of the circular
disk of (b) with only 4 triangles and 6 vertices. In type-2 FEGIE, the dependent variables
are the vertices indicated by the solid blue dots, while the auxiliary variables associated with
each triangle are the quadrature points indicated by red diamonds inside the corresponding
triangles.

the radius given by r = @ . This treatment leads to a relatively accurate approximation of g;;
by analytically integrating the singular integrand of Eq. (5) within the red circle, if the three sides
of the triangle have approximately the same length. Once the descretized GIE, i.e., Eq. (6), is
known, it is straight forward to calculate the dependent variable E;, and thus the field values at
all the other coordinates (see explicit expression for g;; and for the far-field pattern calculation in
appendix A).

2.2.2. Type-2 FEGIE and its assembling strategy

In contrast to type-1 FEGIE, we consider the second scenario where the dependent variables
and the auxiliary variables are different, as illustrated in Fig. 1(b). As shown in Fig. 1(b), the
dependent variable are field values at the vertices, while auxiliary variables that are used to
discretize GIE are the field values at the red diamonds. Though the triangulation in Figs. 1(a)
and 1(b) is identical for the same circular disk, the different treatments of the dependent variables
and auxiliary variables lead to different implementations of FEGIE, especially assembling the
matrices of individual triangles into a single matrix with global index, which is one of the
main concerns of this subsection. To further illustrate our strategy to implement the discretized
GIE, i.e., the aforementioned step (3) similar to FEM modelling, we consider the simplest
discretization of a scatterer (containing only 6 vertices and 4 triangles), as shown in Fig. 1(c),
and show how to construct type-2 FEGIE through this simple example with first order quadrature
rule, accompanied with an efficient assembling strategy.

Firstly, we use six dependent variables, i.e., the field values at the 6 vertices, to interpolate field
values at all the other locations, including the auxiliary variables with the locations indicated by
the red diamonds. For instance, as shown in Fig. 1(c), the field value u’(x, y) at position (x, y)

1 xi y‘i u’l
inside the ith triangle is given by u'(x, y) = ( 1 x vy ) 1 oxl oy ub |, where u)
1 xé yg ul3

is the dependent variable at the /th vertex in the ith triangle (/ can also be considered as the

local node number), [ € (1,2,3) and i € (1,2,3,4). Accordingly, the 3 auxiliary variables inside

one triangle can be given by E;(r,) = a/é - )uf , where r,, represents the coordinate of the pth
LTp
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I
@i,rp)
[ € (1,2,3). We follow Einstein summation convention for the indices of /, which are repeated

both in the superscript of @ and subscript of u.
Secondly, we construct the discretized equation of Eq. (6) for the auxiliary variables, i.e., field
value at three quadrature points inside a single triangle as follows,

quadrature point, and « denotes the /th interpolating function corresponding to u;', and

1 (i,ry) (j»rp) l j

a(i,rl)u; EO l A 8ir) a(j,r,))u?
l i = (i,r2) 2 _] (j»rp) l j

a/(i,rz)u; - EO + Z koAs 3 8(irs) al(j,rp)u; , @)
l i (i,r3) J Uorp) 1 i

a(i,m)u; EO g(i,r;) al(j,rp)u;

where Einstein summation convention is applied for the indices of / and r,,, and (i, r,) denotes
the quadrature point (r, € (r(,r2,r3)) in the ith triangle, the label of interpolating function
1 € (1,2,3),i/j indexes the triangle and does not follow Einstein summation rule. In Eq. (7), the
3 auxiliary variables in triangle i on the left hand side equal to the sum of two terms from the
right hand side: the first term is the incident field, the second term is the sum of the contribution
from all triangles including the same triangle while j = i and the other triangles while j # i. A;
is the area of the triangle j.

Lastly, our final goal is to assemble the matrices of individual triangles into a single matrix with
global index, which further involves two steps. Step 1: Applying Eq. (7) to the simple scatterer
shown in Fig. 1(c) for the 4 triangles one by one, one shall obtain the following discretized GIE
in the matrix form as follows,

a, 0 0 0 U, Eo g &1 253 2u U,
0 an 0 0 U | | En2 N 821 8» 83 8 U, ®
0 0 ax 0 U; Eq; 831 8xn 81 &34 U;
0 0 0 awu Us Ey 841 842 843 84 Uy
where U; = [u’l, ul, ug]T is a 3 x 1 column vector, i.e., the 3 dependent variables for triangle i,
1 2 3
Yy Hiry  Yr)

3

i 5. i i icitly @ = 1 2
and @;; and g;; are 3 X 3 matrices as given by Eq. (7), explicitly &;; = Yiry Yirn Uir) |

a(li,fs) a/(zih) 0(31',’3)

I Wr ,r
2a A g(Zi:rll)j g(z':rll)j gE(J]ijrll)j a(ljlrl) a%i,rl) agllrl)

o —_ J Wr Wr N

and gij = kohes E(,IZ’,Z,,Q Sir Sar Sarn || Wrn %Gr T

’ Gorn) Goro) Gor) 1 2 3

8iry) Sy Sary I\ e Yy Y6
In step 1, the matrix form of GIE in Eq. (8) is obtained simply by stacking the triangles one by
one, thus the shared vertices among the neighbour triangles are not taken into account. Therefore,
U = [Uy, Uy, Us, U4]T is a 12 x 1 column vector, in contrast to 6 DOFs in total shown in Fig. 1(c).
In step 2, we directly rearrange the simply stacked local matrices, i.e., Eq. (8) into a global
indexed matrix via the assembling transformation. To that end, we introduce a global indexing of
dependent variables U¢ as well as the assembling transformation matrix Tosm, i, U8 = ToyemU.
Thus, Eq. (8) denoted as [@;;]U = E™"° + [g,,-] U, can be reformulated into the final matrix
form that can be readily solved using the standard linear algebra,

(Tasm 1801 Tt ) UF = TasmE™ + (Tasm [&15] T U, ©)
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Table 1. Assembling Transformation

Triangulation matrix Assembling transformation matrix
1 0 0000 O0OOOOTO0OTDO0
1 6 2 0 01 1 00 O0O0O0OO0OTO0O0
_ 2 6 3 _ 00 0 0 01 O0O0T1O0 01
E; ;= Tasm =
6 5 3 00 0 0 0 0 0 O0OO0OO0OT1O0
5 4 3 00 0 0 0 0 01 01 O00O0
01 0 01 01 0 O0O0 O0O0

where [@;;] ([g,- j]) is the full matrix of the block matrix @;; ( &;;). The assembling transformation
matrix T,g, can be obtained from the triangulation matrix, as tabulated in Table 1. The
triangulation matrix indicates how the vertices (the global node number) are connected to the
local node number in each triangle. The column number of Tosm equals to the total number
of elements of the triangulation matrix E,,;, while the row number equals to the total number
of vertices. By flattening E;,; row by row, one can construct Tosm by mapping the row to the
element of the flattened E,,;, with the location of nonzero element in the same row corresponding
to the value of that element in the flattened E;,;.

1080 triangles

0.6 (b) . -- Typé-1 FEGIE |

---- Staircase GIE

-_main lobe

-0.2

Fig. 2. (a) Triangle discretization of the dielectric rod. (b) Far-field pattern calculated using
type-1 FEGIE, type-2 FEGIE, staircase GIE, and Mie theory. The radius of the scatterer is
0.6 um, and the vacuum wavelength is 0.633 um. The numbers of DOFs in type-1 FEGIE,
type-2 FEGIE, and staircase are 1080, 595, and 1085, respectively.

3. Results and discussions

We examine the far-field pattern of 2D light scattering using our proposed method, i.e., type-1
FEGIE and type-2 FEGIE, in comparison with staircase GIE [8,24] and Mie theory [41]. As
for staircase GIE, we assign the average value of the dielectric constant for the squares located
on the boundary to improve the accuracy. In the first example, we study light scattering by a
dielectric rod (infinitely long along z-axis, €,=4), with the background being air. The incident
light is TE polarized, propagating along x-axis with vacuum wavelength 0.633 um. Without
explicit mention, the same incident conditions apply to the scattering problems throughout this
section. The dielectric rod is discretized with triangle elements shown in Fig. 2(a), and the
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farfield pattern calculated using Mie theory (red dotted line), type-1 FEGIE (blue dashed line),
type-2 FEGIE (black dotted line), staircase GIE (magenta dash-dot line). As for the scatterer with
simple geometric shape, our type-1 FEGIE and type-2 FEGIE yield reasonably accurate far-field
calculations, as benchmarked against the results obtained from Mie theory as well as staircase
GIE. Staircase GIE captures the main lobes slightly better than Type-1 FEGIE and TYPE-2 GIE,
but a close examination also shows that type-2 FEGIE captures the sharp features of the far-field
pattern much better than that of type-1 FEGIE and staircase GIE, which can be attributed to the
more integration points used in the numerical integral for each triangles. As a side remark, the
number of DOFs in type-1 FEGIE (staircase GIE) is the same as the number of the triangles
(squares), i.e. approximately 1085. While the number of DOFs used in type-2 FEGIE is equal to
the number of vertices, i.e., 595, which is less than those in type-1 FEGIE and staircase GIE.
The smaller number of DOFs can be considered as the second advantage of type-2 FEGIE, apart
from the ability of capturing the sharp features in the farfield pattern.

- - -Type-1 FEGIE (@) - - -Type-1 FEGIE (b)
1 [ Type-2 FEGIE 1 04 [|-~Type-2 FEGIE 1

051

-1.5

Fig. 3. Far-field pattern of the light scattering by (a) the 3-layered rod and (b) the 5-layered
rod calculated using type-1 FEGIE, type-2 FEGIE, and Mie theory. For the 3-layered
(5-layered) rod, the numbers of DOFs in type-1 FEGIE and type-2 FEGIE are 3186 (4812)
and 1674 (2507).

In the second example as shown in Fig. 3, we proceed to discuss light scattering of 3-layered
rod and 5-layered rod using type-1 FEGIE (blue dashed line) and type-2 FEGIE (black dotted
line), which are again compared with finite element calculations from Mie theory (red dotted
line). The staircase GIE calculation of this problem is poorly converged, which is not shown
here. As shown in the inset of (a), the radii of the three layers rod are specified to be r;=0.3 um,
r2=0.7 um, r3=1.0 um, and the dielectric constants of the three layers are given as €; = 3, &, = 4,
€3 = 5. The radii of the 5-layered rod [43], as sketched in the inset of (b), are given by r1=0.0158
um, r2=0.0285 um, r3=0.0475 um, r»=0.0601 um, rs=0.633 um. The corresponding dielectric
constants are given as €1 = 0.9814, &, = 4.7676, &3 = 1.7075, &4 = 1.4711, &5 = 1.2025. We
examine the differences of the far-field patterns for the 3/5-layered rod calculated from type-1
FEGIE and type-2 FEGIE, as shown in Fig. 3(a/b). In Fig. 3(a), both type-1 FEGIE and type-2
FEGIE can capture the overall features of far-field pattern, including the angular positions and
amplitudes of the main lobes and side lobes (SLs), in consistency with calculations from Mie
theory. Notably, the far-field pattern from type-2 FEGIE yields excellent agreement with that of
FEM calculations, except slight deviations in the main lobe and a few side lobes (SL1, SL2, SL10,



Vol. 27, No. 11| 27 May 2019 | OPTICS EXPRESS 16054

Optics EXPRESS

SL11). In contrast, the far-field pattern from type-1 FEGIE deviates in most of the side lobes,
and close examination also reveals that the far-field pattern (blue dashed line) is not symmetric
with respect with the x-axis. As a side remark, the number of DOFs used in type-1 FEGIE and
type-2 FEGIE are 3186 and 1674 respectively. The light scattering of a 5-layered rod is examined
in Fig. 3(b). The particular choices of the geometric parameters and dielectric functions for the 5
layers rod yields highly directional radiation pattern [43], which can be well captured using our
proposed type-1 FEGIE and type-2 FEGIE. Importantly, our proposed approaches yield accurate
results and using much less DOFs, which is highly promising for modelling light scattering of
optically large structures.

2586 triangles

(b)

1

main lobe |

20 -1-

- - Type-1 FEGIE

1+ ~Type-2 FEGIE
----Staircase GIE
—e COMSOL
SL4 &
0.5 |
ﬂ"m,)’
M
SL5
05 T, ‘

Fig. 4. (a) Far-field patterns of the light scattering by a complex scatterer with corrugated
surface calculated using type-1 FEGIE, type-2 FEGIE, staircase GIE, and Mie theory. (b/c)
Triangle/Staircase approximation of the surface-corrugated scatterer. The numbers of DOFs
in type-1 FEGIE, type-2 FEGIE, staircase, and COMSOL are 2586, 1407, 2590, and 280525
respectively.

As the third example, we study the far-field pattern of a geometrically complicated scatterer
with corrugated surface as shown in Fig. 4. The far-field pattern is calculated using type-1 FEGIE
(blue dashed line), type-2 FEGIE (black dotted line), staircase FIE (magenta dash-dot line)) and
COMSOL (red dotted line). Similar to the staircase GIE used in the first example shown in Fig. 2,
the averaged dielectric constant for the squares on the boundary is used in the staircase GIE. The
scatterer with corrugated surface discretized with triangle and square elements are shown in
Figs. 4(b) and 4(c), which have comparable number of elements, i.e., 2586 triangles versus 2590
squares. Figure 4(a) shows a few side lobes of the far-field, as indicated by the dashed rectangle
shown in the inset of the full far-field pattern. As can be seen from the inset and main panel
of Fig. 4(a), the main lobe and two side lobes (SL3 and SL5) calculated from type-2 FEGIE
shows excellent agreements with that calculated from finite element method using COMSOL. In
contrast, the type-1 FEGIE and staircase GIE yield considerable deviation of the main lobe and
all the other side lobes. As regarding to other side lobes shown in Fig. 4(a), type-2 FEGIE yet
performs better in calculating far-field pattern than type-1 FEGIE and staircase GIE. It is worthy
to mention that the DOFs used in type-1 FEGIE, type-2 FEGIE, staircase GIE and COMSOL are
2586, 1407, 2590 and 280525.

Lastly, Fig. 5 shows the convergence of the farfield plotted in Fig. 4(a) at §=0, for type-1
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61 4 Type-1 FEGIE| 7
—e— Type-2 FEGIE

24+ —A— Staircase GIE | T
22 .
T DOFs of COMSOL ~ 1.8 million |
< 50 \ M ]
o
(4] 4
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18 °-A\—74-—-—-o —Ae—se -
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16 B

14 .
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0 1000 2000 3000 4000 5000

The number of DOFs

Fig. 5. Farfield convergence versus the number of DOFs.

FEGIE (green-square), type-2 FEGIE (blue-circle), and staircase GIE (violet-triangle). The red
dash line indicates the reference value of farfield obtained from COMSOL with 1.8 million DOFs.
Evidently, our Type-2 FEGIE has a stable and fast convergence as the number of DOFs increases,
while Type-1 FEGIE shows oscillations and a slower convergence than that of Type-2 FEGIE due
to the redundant DOFs. Staircase GIE has the slowest convergence due the poor approximation
of the geometry as well as the redundant DOFs. Thus, as evident from the far-field calculations
and the listed DOFs used in the four approaches, our proposed type-2 FEGIE indeed shows the
advantages of higher accuracy and computational efficiency due to the significant reduction of
DOFs.

4. Conclusion

In conclusion, we introduce finite element techniques into the Green’s function integral equation,
with a better and more flexible approximation of the geometry of the scatterers and a more
accurate numerical integral. The ameliorative performance is due to the fact that more quadrature
points chosen inside each element yield the numerical integrals more accurately. On the other
hand, the introduction of auxiliary variables leads to an easier treatment of singular terms which
are confined inside each element and less number of DOFs. We have calculated the farfield
patterns of several concrete scatterers with two types of FEGIE. We find that the two discretization
schemes in FEGIE yield considerably accurate far-field pattern compared with that obtained using
COMSOL, and yield more accurate far-field pattern compared with the standard discretization
scheme, i.e., stair-cased approximated with square grids, which is highly promising for modelling
light scattering of optically large and complex structures. Besides, the number of DOFs used in
type-2 FEGIE is less than those in type-1 FEGIE and staircase GIE.

Appendix A: Scalar Green’s function, analytical approximation of self-term inte-
gration, and the far-field calculations in 2D Green’s function integral equation

The scalar Green’s function of the TE polarization in 2D light scattering problems is given by
grr)= %iHéz) (konref [r —r’|). Asi = j in Eq. (6), g;; represents the interaction of a discrete
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element with itself, it can be approximated with
1 ’ ’
gii =~ | 8 (r,r')dA (10)
i Ai

If we adopt square discrete elements, a square element can be approximated by circular one with
the same area and same center position, Eq. (4) can be evaluated analytically resulting in

2i
gi ¥ — (konrefaHfz) (konyera) — — (1)
2i(konrefa) 4

For far field, since |r’| /|r| < 1, the Green’s function can be approximated with

1 2 —in . o o
gff (r,r’) = Z\/;e i ke ik or 1)

Then the far field can be obtained as

1 2 —in . YR
fr _ —ikr 2 ’ n kL. ’
ESC(r)__‘,_kre ‘e /ko (a(r)—sref)E(r)e rTdA (13)
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