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Abstract: We study the coupling of mode in time for non-Hermitian cavities. Using varia-
tional principle, we provide a self-consistent approach to study the mode hybridization in non-
Hermitian cavities from the first-principle of Maxwell’'s equations. We first extend the reaction
concept for time reversal adjoint system using the scalar inner product. We apply our theory to
the non-Hermitian parity-time symmetric cavities, and obtain excellent agreement with results
obtained by finite element fullwave simulations. In contrast, the conventional coupled mode the-
ory using complex inner product failsto capture the bifurcation of the dispersion of parity-time
symmetric cavities, as non-Hermicity increases. Our theory may have potential applicationsin
non-Hermitian optical systems.
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1. Introduction

Variational principle provides a self-consistent approach to study various optical problems, and
plays an important role in electromagnetics [1, 2], as well as in the development of coupled
mode theory (CMT) [3-8], and many other related numerical approaches, i.e., finite element
method (FEM) [9] and method of moment (MOM) [10] and so on. Variational principle works
extremely well for Hermitian electromagnetic problems, due to the nice properties of the associ-
ated Hilbert space, and the positive definite resulting matrix. On the other hand, non-Hermitian
coupled systemsin optics, i.e., waveguides, cavities, or coupled waveguide cavities, are ubiqui-
tous, which is due to the fact that materials |osses/gain, or/and the exclusion of radiation modes
in the truncated mode sets are not negligible. For instance, the joule losses of the plamsonic
systems not only shift the resonances, but also destroy the mode orthogonality in the modal ex-
pansion under the scheme of complex inner product. In open optical systems, i.e., leaky mode
waveguides [11, 12] and finite quality (Q)-factor cavities, the radiation losses can be significant
such that the out-going field amplitude grows exponentially, as the detection point is away from
the field concentration region.

Despite extensive usage and dramatic success of Hermitian CMT in coupled waveguide and
cavities, the extension to non-Hermitian CMT is not straightforward. Non-Hermitian problems
in general refer to truncated space, in which the dynamics, or equation of motion of subsystem
is of interest, while all the rest degrees of freedom (DOFs) of the full system are integrated
out. In lossy optical materials, the details of how the materials interact with light are integrated
out, yielding a linear integrated factor to describe the overall absorption or gain. As for leaky
wave system, it is obvious that the DOFs of the full radiation continuum are too large to include
in the system that is under study. Though the aforementioned non-Hermitian problems have
been proved to be very interesting and counter-intuitive, they also impose certain challengesin
theoretical modeling and numerical simulations. The major challenge isto define an orthogonal
and complete mode set that is associated to the operator that describes the non-Hermitian optical
problems, i.e., the subsystem of interest, in which the variational principle can be applied.

There has been extensive work in the field of open electromagnetic system, in which the char-
acteristic features, i.e., eigen-frequencies, or propagation constants, may be a complex number.
For instance, quasinormal modes or quasimodal expansion has been devel oped to study the nor-
malization [13-16] as well as the scattering properties [17, 18] of resonant structures. Using
time reversal solution as the adjoint system, Haus and his co-workers studied the coupling of
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mode in time for the coupled cavities with radiation losses based on the conservation of cross
energy [19].

Despite those significant advances in understanding the normalization and coupling of modes
in open cavities, to the best of our knowledge, yet a self-consistent approach of studying mode
coupling of non-Hermitian cavities from the first principle of Maxwell’s equations rather than
phenomenological basis[20], isin lack. In[21], the authors devel op a self-consistent approach
of studying mode hybridization of non-Hermitian waveguides from reaction conservation. In
this paper, we extend the approach of constructing coupled mode formulism from reaction con-
servation to non-Hermitian coupled optical cavities by introducing time reversal solution as
adjoint, instead of counter-propagating modes in waveguides. In contrast to Haus's work, our
formulation targets directly on the eigen-frequency () of coupled cavities with intrinsic mate-
rial losses, instead of w? of optical cavities with radiation losses, in which the post-selection on
the branches of the square root of w? needs to be performed [19].

The paper is organized as follows. In Section 2, we extend the reaction concept for time
reversal system. Subsequently, we construct the generalized temporal CMT (GTCMT), and
discuss the orthogonality of cavity modes in the scheme of scalar inner product. In Section 3,
weuse GTCMT to study the mode hybridization of coupled non-Hermitian cavities. In contrast,
we a so give the results by the conventional temporal CMT (CTCMT) and fullwave simulations,
aswell as comparisons with phenomenological models (PMs). Finally, Section 4 concludes the

paper.

2. Formulation of mode coupling in non-Hermitian cavities
2.1. Adjoint system of non-Hermitian cavities: time reversal solution

Variational principle, or extremizing principle, in electromagnetics in general isto seek station-
ary solutions of some functional of Maxwell’s equations for specific structures, which is deeply
related to a conserved physical quantity. Such a conserved quantity sets up the framework, in
which the extremizing principle shall be built. In Hermitian optical waveguides, two distinct con-
served quantities can be found: optical power, or reaction between two distant sources which
interact through waveguide modes. In contrast, in non-Hermitian waveguides, only the reaction
conservation can be used to construct variational principle[21]. We refer further details between
variational principle and CMT and other numerical solvers, i.e., MOM and FEM, to Berk and
others [1, 2,9, 10, 22]. In the following, we first discuss the concept of reaction between the
original system and its time reversal partner, and its application in building CMT for coupled
non-Hermitian cavities.

We consider two sets of cavity modes, which are time reversal to each other. The time
reversal partners share the same spatial dependence on fields, but up to a sign difference.
Concretely, electric field E and magnetic current density M hold even, while magnetic
fild H and electric current density J become odd, i.e, T[E(t), H(t),J(t),M(t)]" =
[B(—t),—H(~t),—J(~t), M(-1)]T, as the time reversal operation T is applied [23]. The
original definition of reaction [24] between two sources S5 and S}, sharing the same time depen-
dence, can betrivialy extended to the case where S, and T'S, share opposite time dependence.
In this case, the reaction is given by

= S J
(TFp, Sa) = / o[ TE, TH ]c[ v ] )
where the metric tensor ¢ = ( (1) (1) ) the original source Sy = [Ja, My]" and the time

reversal field T Fy, = [fEb, TH b]T, which is generated by source T'S,. Thusthe corresponding
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reaction conservation between source S, and T'Sp, is given by

(TFy, Sa) + (T'Sp, Fa) = ﬁ dS|Ea x Hy— Ep x Hy, @)

where (T'Sp, Fy) = [dV [ TJ, TM, |o fIa
a

Evidently, reaction needs to be corrected based on the even or odd property of the time re-
versal operation on the fields. As we extend the surface of the volume containing all sources
to infinity, the surface integral vanishes, which yields the reciprocity theorem for time reversal
solution asfollows, B _

(T'Fy, Sa) + (T'Sp, Fa) = 0. (©)

Equation (3) is the reaction conservation for time reversal adjoint system, and also the founda-
tion for studying the mode coupling in time in this paper. It also imposes certain constraints on
the material parametersasgiven by €; = € and py = .|, which is consistent with requirement
of reciprocity medium and could be lossy or active.

2.2. GTCMT and mode orthogonality in coupled non-Hermitian cavities

In coupled cavities, the original unperturbed fields are given by ¢ = [eg m, hom] " €“0mt, where
e = {&, ¢y, &}, h = {hy,hy,h,}. Given asmall perturbation to the adjoint system, the adjoint
perturbed fields can be seen as the linear combination of the unperturbed fields of the adjoint
system, i.e,, T = T{[Znaneo,n,Znanho,n]Tei“’t}. If we replace the sources in Eqg. (3) using
Maxwell’s equations, Eq. (3) can be reformulated as follows,

(T, Ho)+ (T(H"p),¢) =0, )
Whereﬁ: W_lfu I_T#: W_li#’ 'E: ( _ikz’:er’() iko’vénil’r’o )’E#: < —v”jﬁr Iglir >’

0o -1
1 0
k = w/c, therefore the vacuum wavenumber essentially is the targeted quantity that we are
interested in.

We use Eq. (4) to construct GTCMT, in the similar procedure as proposed in [21]. Consider-
ing the case that a small perturbation is given to the imaginary part of €, i.e., r = €0+ iAg,
we have

and W = ) In our unit, we use normalized frequency, i.e., kom = @wom/C and

z:nan[bmn —i (k— kO,m) Prn — ikKn‘n] =0, 5)

where by = [dV[V- (eo,n X hO,m) -V. (eo,m X hO,n)], P = [dV [Er,O(eo,n : eO,m) - Hr,o(ho,n .
hom)] and km = Ag [dV (egn - eom). For Ae = 0, we have

Bron = i(Ko,n — Ko,m) Prn- (6)

Itiseasy to seethat b, is reduced to zero if the cavity wall tendsto infinity. For ko m # kon, the
orthogonality relation pmn, = 0 holds, meaning the cavity modes with different frequency are
orthogonal. Inserting Eq. (6) back to Eq. (5) yields

Znan[(ko,n —K) pron — kkmn] = 0. (7

Equation (7) isthe GTCMT proposein this paper, which isvalid to study the mode hybridization
of Hermitian and non-Hermitian cavities.

In contrast, we provide the CTCMT by the complex conjugate inner product [19] for compar-
ison. In this case, Eq. (4) becomes

(", He) + (H™p)*,¢) =0, 6)
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point-defect €, , point-defect £

(a) ()

Fig. 1. Coupled single mode cavities in photonic crystal structures. Each individua point-
defect can support a monopole state. (a) The 3D sketch of photonic crystal. The rods are
periodic along x and y directions, and assumed to extend indefinitely in the z direction. (b)
The structure parameters. The crystal constant is a and the rods radii are 0.2a. The radius
of each defect rod is reduced to 0.05a.

where x denotes the complex conjugate. In analogy with the above procedure, we have
Znan[bmn — i (Komero — k*ezo)emn —i(Ko,mpr,0 — k*lfrk,o)hmn +ikK" k] =0, 9)

where bn'n = de [V . (han X 607m) +V . (th X ean)], €mn = de(ean . eo_’m), hmn = de(han .
hom) and kpm = Ag* [ dV(ean -egm). For Ae =0, we have

b = —i [(ké,nef,o —komero)em + (k(?),nllf:,o — ko,mttr.0) N (10
Inserting Eq. (10) back to Eq. (9) yields

Snanl(ks k') Prm — K i) =0, (11

where pmn = [dV e/ g(ed - eom) + 7 o(hg - Rom)]. We will show GTCMT works fine for
both Hermitian and non-Hermitian cavities, but CTCMT fails for non-Hermitian cavitiesin the
next section. As a side remark, we show the non-Hermicity of the coupled cavities will destroy
the mode orthogonality. Considering the imaginary parts of the eigen-frequencies (ko,m, kon)
and material functions (er o, pur0), are very small, we can further smplify Eq. (10) by keeping
the leading terms as follows,

brn = —1 (k& — K& m) Qum — 2KE n (€ 08m + 21, ohrm), (12)

where Qm = [dV [eno(ean -eqm) + Nr’O(han - hom)], and the superscript R stands for the real
part and | theimaginary part, respectively. For well located cavity mode, by, goesto zero, which
is similar to Eq. (6). However, the presence of gain or loss will break the mode orthogonality
in the scheme of complex inner product in Eq. (12), in contrast to the scheme of scalar inner
product, where the mode orthogonality preserves even in the non-Hermitian cavities.

3. Results and discussions

In this section, we compare CTCMT and GTCMT with fullwave simulations for analyzing the
mode hybridization of two coupled single mode cavities. We also present the results by PMs,
i.e., two parametersfitting (TPF) and four parametersfitting (FPF). The structure is sketched in
Fig. 1, which is formed by introducing two point-defects to the 2D photonic crystal. The rods
inthe x and y directions are 21 x 21. Each point-defect supports a monopole bound state in the
TM band gap. By placing two defects with distance of several lattice constants, one can easily
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Fig. 2. Real part (a, c, e f) and imaginary part (b, d) of eigen-frequency versus Ae.
The relative permittivities of the point-defects are given as follows: €1 = € + iAg,
€2 = € —iAg in (a), (b), (c) and (d); €1 = €0+ Ag, €2 = €0 — Ag in (€) and
€r1 = €r0— A€, €2 = € g — A in (f). The structure parameters are given by Fig. 1(b), and
the original relative permittivity of the rods €, o = 8.9. We compare the results obtained
by four different approaches with the results obtained by fullwave ssmulations. CTCMT
(GTCMT) is derived from the first priciple based on complex (scalar) inner product. PM-
TPF (PM-FPF) is the phenomenological model which we need to fit two (four) parameters
based on fullwave simulations or experimental measurements.

create apair of odd and even supermodes in the coupled system [25]. It is necessary to rewrite
Eqg. (7) as an eigenvalue problem as given by

Ha=kWa, (13)

7 koaP11 kozpP12 > = < Pi1+ K P2+ K12

here H = ’ ’ W =
where ( koaP21  koz2pP2z P21+ K21 P22+ K22
Ko.1 and ko> of the odd and even supermodes are provided by COMSOL simulétions, and the

elements prn and ki, are calculated by projecting the fields as explained in previous section.
Figure 2(a) and 2(b) show the evolution of the eigen-frequencies of two coupled cavitieswith
balanced gain and loss. Increasing Ae increases the non-Hermicity, leading to the phase transi-

,a=[ag,a]". Theinitia
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tion in the eigenstates of the system. Consequently, the el gen-frequencies of the two supermodes
get closer and closer until an exceptional point (EP), where they become identical. Beyond the
EP point, the real part of the eigen-frequency remains the same, but the imaginary part of the
eigen-frequency splits gradually. We can see the results obtained by our GTCMT (blue open
circle) have an excellent agreement with the the results by fullwave simulations (gray solid
ling), which are implemented in Comsol Multiphysis 5.2 [26]. For comparison, we reformulate
Eqg. (1) as . _

Ha=k'Wa, (14)

where H — ( 0aPu KozPu )\ [ Putkn PR ) \oany CTOMT (red
Ko1P21 KooP22 )’ P21+ K21 P2tz ) ’

cross) is valid just for small Ag, which is not able to capture the EP point in non-Hermitian
cavities, as shown in Fig. 2(c) and 2(d).

Next, we consider the Hermitian case, where the perturbation emerges in the real part of e;.
Figure 2(e) shows the case that Ae increases with the opposite sign in two cavities. In this case,
the two eigen-frequencies are further separated from each other as Ae increases. Figure 2(f)
shows the case that Ae increases with the same sign in two cavities. In this case, both the two
eigen-frequencies gradually increase as Ae increases. In Fig. 2(e) and 2(f), theimaginary part of
the eigen-frequency remains zero. It is clear that both GTCMT (blue open circle) and CTCMT
(red cross) agree well with the the results by fullwave simulations (gray solid ling). Our GTCMT
isvalid to capture the EP point in non-Hermitian systems. However, thereis certain discrepancy
of the real part of the eigen-frequency between GTCMT and fullwave simulations beyond the
EP point. AsshowninFig. 2(a), GTCMT can't extract the slowly growing feature of the real part
of the frequency beyond the EP point. We attribute the discrepancy to the non-linear behavior of
the coupled system for lager magnitude of gain/loss, while our coupled mode model is designed
only for linear systems. More details about non-linear behavior of the coupled system isbeyond
the scope of this paper.

Table 1. Comparisons between the CMT derived from thefirst principle and two-band PMs

Models GTCMT CTCMT PM-TPF PM-FPF
Ha=kWa Ha=k'Wa Ha=Kka (H+T)a=ka
Coupled - (k&O KlZ)
equation _ Ko iK1 T\ k2 kso
see Eq. (13) see Eq. (14) H= (ivél k02> _
T ()
- 0 —ip
. Oddandeven  Odd and even Odd and even Single
Modal basis .
supermodes supermodes supermodes cavity modes
Coupling Perturbation Perturbation Perturbation Evanescent
mechanism | fromgain/loss from gain/loss from gain/loss coupling
Constraints Reactlo_n Cross energy Kip = ko1 K12 = K21
conservation  conservation n=-v
Underlying First First Phenomenological  Phenomenological
principle principle principle observation observation

To get a comprehensive impression of our model and PMs, we give a comparison on simi-
larities and differences of four approaches, as shown in Table. (1). Evidently, all the resultant
interesting phenomenaby GTCMT, i.e., bifurcation, are simply the consequences of thereaction
conservation, which is rigorously derived from the first principle. Thus, our model can be used
asatool of studying new phenomenain non-Hermitian systems, or designing non-Hermitian op-
tical devices. In comparison, PMs rely on the known results, i.e., the location of EP point in the
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parameter space for TPF, and location of EP point aswell as magnitude of mode splitting in FPF
for fitting. Thus, PMs can hardly be used for predictions or designing purposes, athough they
work perfectly well in describing the parity-time (£2.7) symmetric optics in unbroken/broken
phases and the transition, as seen in Fig. 2(a) and 2(b).

4. Conclusions

In conclusion, we have theoretically studied the mode coupling in time in non-Hermitian cavi-
ties, from the first principle of Maxwell’s equations instead of phenomenological observations.
The model essentialy relies on the reaction conservation, which provides a solid foundation
of constructing coupled mode theory for non-Hermitian cavities from variational principle. We
introduce the time reversal operation T in reaction to account two independent sources shar-
ing opposite frequency, i.e., the original and its adjoint problem as the complete dual space for
constructing our theory from perturbation. Interestingly, we found that each individual mode in
the complete mode set of the coupled non-Hermitian cavity can be orthogonal to all the other
modes under the scalar inner product adopted here. In contrast, such mode orthogonality in a
certain mode set of non-Hermitian cavities is completely lost in the scheme of complex inner
product. As an example, we study apair of non-Hermitian coupled cavitiesin 2D photonic crys-
tal. Our model is able to capture the feature of bifurcation in &2 symmetric system, where
CTCMT fails. Our theoretical model may have potential applicationsin non-Hermitian cavities,
or coupled waveguide cavity structures.

Acknowledgment

This work was supported by National Natural Science Foundation of China (Grant No.
61405067, 61405066 and 11274083), Foundation for | nnovative Research Groups of the Natural
Science Foundation of Hubei Province (Grant No. 2014CFA004), NSF of Guangdong Province
(Grant No. 2015A030313748), and Shenzhen Municipa Science and Technology Plan (Grant
No. JCY J20150513151706573).





