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Core concepts in singular optics, especially the polarization singu-
larities, have rapidly penetrated the surging fields of topological
and non-Hermitian photonics. For open photonic structures with
non-Hermitian degeneracies in particular, polarization singular-
ities would inevitably encounter another sweeping concept of
Berry phase. Several investigations have discussed, in an inex-
plicit way, connections between both concepts, hinting at that
nonzero topological charges for far-field polarizations on a loop
are inextricably linked to its nontrivial Berry phase when degen-
eracies are enclosed. In this work, we reexamine the seminal
photonic crystal slab that supports the fundamental two-level
non-Hermitian degeneracies. Regardless of the invariance of non-
trivial Berry phase (concerning near-field Bloch modes defined on
the momentum torus) for different loops enclosing both degen-
eracies, we demonstrate that the associated far polarization
fields (defined on the momentum sphere) exhibit topologically
inequivalent patterns that are characterized by variant topolog-
ical charges, including even the trivial scenario of zero charge.
Moreover, the charge carried by the Fermi arc actually is not well
defined, which could be different on opposite bands. It is further
revealed that for both bands, the seemingly complex evolutions
of polarizations are bounded by the global charge conservation,
with extra points of circular polarizations playing indispensable
roles. This indicates that although not directly associated with
any local charges, the invariant Berry phase is directly linked
to the globally conserved charge, physical principles underlying
which have all been further clarified by a two-level Hamiltonian
with an extra chirality term. Our work can potentially trigger
extra explorations beyond photonics connecting Berry phase and
singularities.

singular optics | Berry phase | polarization singularities | non-Hermiticity |
photonic crystal slabs

ioneered by Pancharatnam, Berry, Nye, and others (1-10),

Berry phase and singularities have become embedded lan-
guages all across different branches of photonics. Optical Berry
phase is largely manifested through either polarization evolving
Pancharatnam-Berry phase or the spin-redirection Bortolotti—
Rytov-Vladimirskii-Berry phase (2, 4, 5, 11-15); while optical
singularities are widely observed as singularities of intensity
(caustics) (6), phase (vortices) (7), or polarization (8-10). As sin-
gularities for complex vectorial waves, polarization singularities
are skeletons of electromagnetic waves and are vitally important
for understanding various interference effects underlying many
applications (16-20).

There is a superficial similarity between the aforementioned
two concepts: Both the topological charge of polarization field
[Hopf index of line field (21, 22)] and Berry phase are defined on
a closed circuit. Despite this, it is quite unfortunate that almost
no definite connections have been established between them in
optics. This is fully understandable: Berry phase is defined on
the Pancharatnam connection (parallel transport) that decides
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the phase contrast between neighboring states on the loop (3, 4);
while the polarization charge reflects accumulated orientation
rotations of polarization ellipses, which has no direct relevance
to the overall phase of each state. This explains why in pioneering
works where both concepts were present (23-27), their interplay
was rarely elaborated on.

Spurred by studies into bound states in the continuum, polar-
ization singularities have gained enormous renewed interest in
open periodic photonic structures, manifested in different mor-
phologies with both fundamental and higher-order half-integer
charges (28-50). Simultaneously, the significance of Berry phase
has been further reinforced in surging fields of topological
and non-Hermitian photonics (1, 23, 26, 51-56). In open peri-
odic structures involving band degeneracies, Berry phase and
polarization singularity would inevitably meet, which sparks the
influential work on non-Hermitian degeneracy (36) and several
other following studies (40, 43, 45) discussing both concepts
simultaneously. Although not claimed explicitly, those works
hint that nontrivial Berry phase produces nonzero polarization
charges.

Aiming to bridge Berry phase and polarization singularity,
we reexamine the seminal photonic crystal slab (PCS) that sup-
ports elementary two-level non-Hermitian degeneracies. It is
revealed that with an invariant nontrivial = Berry phase, the

Significance

Relying on a two-level Hamiltonian with an extra chirality
term, we establish subtle connections between Berry phase
defined for near-field Bloch modes in open photonic crystal
slabs and polarization singularities of their far-field radiations.
With non-Hermitian degeneracies, it is revealed for differ-
ent contours enclosing both degeneracies, despite a constant
nontrivial = Berry phase, far-field polarization charges are
variable in a discontinuous manner, which could even be the
trivial zero. It is further revealed that the charge of the Fermi
arc is actually not well defined, which could be different on
opposite bands. Such seemingly complex evolutions of charge
distributions are mediated by extra points of circular polariza-
tions, which guarantee the global charge conservation that is
consistent with Berry phase invariance.

Author contributions: Y.C. and W.L. designed research; W.C., Q.Y., and W.L. performed
research; W.C,, Y.C,, and W.L. contributed new reagents/analytic tools; W.C., Q.Y., Y.C,,
and W.L. analyzed data; and W.L. wrote the paper.

The authors declare no competing interest.
This article is a PNAS Direct Submission.
Published under the PNAS license.

"To whom correspondence may be addressed. Email: wei.liu.pku@gmail.com or
yuntian@hust.edu.cn.

This article contains supporting information online at https:/www.pnas.org/lookup/suppl/
doi:10.1073/pnas.2019578118/-/DCSupplemental.

Published March 15, 2021.

https://doi.org/10.1073/pnas.2019578118 | 1of6



http://orcid.org/0000-0001-9228-1708
http://orcid.org/0000-0002-7067-6239
https://www.pnas.org/site/aboutpnas/licenses.xhtml
mailto:wei.liu.pku@gmail.com
mailto:yuntian@hust.edu.cn
https://www.pnas.org/lookup/suppl/doi:10.1073/pnas.2019578118/-/DCSupplemental
https://www.pnas.org/lookup/suppl/doi:10.1073/pnas.2019578118/-/DCSupplemental
https://doi.org/10.1073/pnas.2019578118
https://doi.org/10.1073/pnas.2019578118

Downloaded from https://www.pnas.org by Huazhong University of Science and Technology on May 2, 2026 from |P address 115.156.142.49.

corresponding polarization fields on different isofrequency con-
tours enclosing both non-Hermitian degenerate points (or equiv-
alently exceptional points [EPs]) (26) exhibit diverse patterns
characterized by different polarization charges, even including
the trivial zero charge. It is further revealed that the charge
carried by the Fermi arc is actually not well defined, which
could be different on opposite bands. We also discover that such
complexity of field evolutions is constrained by global charge
conservation for both bands, with extra points of circular polar-
izations (C points) playing pivotal roles. This reveals the explicit
connection between globally conserved charge and the invari-
ant Berry phase, underlying which the physical mechanisms have
been further clarified by a two-level Hamiltonian with an extra
chirality term (25). We show that such an unexpected connection
is generically manifest in various structures, despite the fact that
Berry phase and polarization charge actually characterize differ-
ent entities of near-field Bloch modes and their projected far
polarization fields, respectively: Bloch modes are defined on the
momentum torus and can be folded into the irreducible Brillouin
zone; while polarization fields are defined on the momentum
sphere, due to the involvement of out-of-plane wave vectors
along which there is no periodicity. Our study can spur further
investigations in other subjects beyond photonics to explore con-
ceptual interconnectedness, where both the concepts of Berry
phase and singularities are present.

Results

For better comparisons, we revisit the rhombic-lattice PCS in ref.
36: refractive index n, side length p, height A, and tilting angle 6;
semimajor (minor) diameters are I; (l2); the whole structure is
placed in an air background of n =1 (Fig. 14; parameter values
shown in the legend). We have further defined ¥ = Al/l; to char-
acterize the mirror (k;-k. plane)-symmetry breaking when air
holes are partially filled. When ¢ = 0, the dispersion surfaces (in
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Fig. 1. (A) Unit cell of the rhombic-lattice PCS: index n=1.384, p =525
nm, h=220 nm, /; =348 nm, /, =257 nm, 6 =114.5°, and ¥ = al/l,. (B)
Dispersion surfaces (9 =0) with two EPs &, =0.961361, k, =0.029525,
k, =+6.8 x 10~% and two C points on the lower band &; =0.961347,
kx =0.029517, ky = £6.8 x 10~%. The polarization fields on a loop enclos-
ing two C points are shown in D with g = —1. (C) Polarization fields for
both lower (blue) and upper (red) bands. Three isofrequency contours
are selected (01 =0.961368, 0.961353, 0.96133), on which the polarization
fields are summarized in E-G, withq=—1/2, +1/2, —1/2, respectively.
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terms of real parts of complex eigenfrequencies w = @1 + iws for
the Bloch eigenmodes calculated with COMSOL Multiphysics)
are presented in Fig. 1B (SI Appendix, section 1). Throughout
this work, only transverse electric modes are studied and both
frequency and wave vector are normalized: w — wp/2mc (c is
light speed); k — kp/27. Both branch cut (Fermi arc) and branch
points (EPs) on the isofrequency plane (position information
shown in figure legends, as is the case throughout this work) are
observed (marked also respectively in Fig. 1C by black curve and
dots). If the two bands are characterized by & and &', at EPs
w=u' while at other positions on the Fermi arc &; =] and
o #y. On the lower band, we have identified two C points
(marked by stars; the corresponding eigenmodes are circularly
polarized in the far field) on the isofrequency plane (position
information shown in figure legends, as is the case throughout
this work). Polarization fields (line fields in terms of the semima-
jor axis of the polarization ellipses) are projected on the Bloch
vector kq-ky plane (Fig. 1C) (SI Appendix, section 1), with blue
and red lines corresponding respectively to the eigenmodes on
the lower and upper bands (fields exhibiting mirror symmetry
as required by the structure symmetry). The characteristic non-
Hermitian eigenvalue-swapping feature is further confirmed in
Fig. 1B, where polarization fields are only continuous across the
Fermi arc for opposite bands (25).

The coexistence of two C points on the same band with equal
charge ¢ = —1/2 (generic polarization singularities) is protected
by the mirror symmetry, decorated by typical star-like field pat-
terns (57). On a contour that encloses two C points (without
enclosing EPs), the polarization fields are shown in Fig. 1D
with the expected charge ¢ =(—1/2) x 2= —1. Such a contour
is not on an isofrequency plane and thus not quite feasible for
direct experimental verifications. We then proceed to isofre-
quency contours that are characterized by an invariant © Berry
phase (58-62). Since both C points locate on the lower bands
and on the isofrequency plane, for the upper band, there is no C
point enclosed by the contour; for the lower band, the contour
could enclose either zero or both C points simultaneously. Polar-
ization fields on three such contours (one on the upper band
[red dashed line] and two on the lower band [blue dashed lines];
double-headed arrows [equivalent to field lines] indicate the ori-
entation of the semimajor axis of the polarization ellipses) are
summarized in Fig. 1 E-G, with ¢ =—1/2,41/2,—1/2, respec-
tively. The charge contrast of —1 between the two contours on
the lower band is obviously induced by C points of total charge
g=—1. It is clear from Fig. 1 E and F that the charge of the
Fermi arc is not well defined, which is ¢ =71/2 on the upper
and lower bands, respectively. The reason is that modes are only
degenerate on EPs but not generally on the Fermi arc. In other
words, the same Fermi arc actually corresponds to two sets of
Bloch modes with polarization fields characterized by distinct
charges.

Although we have studied the same structure (9 =0) as that
in ref. 36, our results presented in Fig. 1 are by no means mere
reproductions, since the scenario of ¢ = +1/2 we demonstrate is
not covered in ref. 36, where the key roles of C points are also
overlooked. We emphasize that although not explicitly demon-
strated, the case of ¢ =+1/2 was actually not forbidden by the
arguments presented in ref. 36. Based on mode swapping and
mirror symmetry properties, it was proved there that the charge
associated with the isofrequency contour has to be a half-integer,
accommodating both ¢ =+1/2.

We then make a further step to investigate asymmetric struc-
tures (9 # 0). The polarization fields on the k,-k, plane for two
scenarios (¥ =0.01, 0.007) are summarized in Fig. 2 4 and B.
With symmetry broken, although one C point on the lower band
is relatively stable, the other can move to the Fermi arc (Fig. 2B)
or across to the upper band (Fig. 24), with invariant ¢ = —1/2
(Table 1). When the two C points locate on opposite bands
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Fig. 2. (A and B) Polarization fields for two asymmetric PCSs with ¥ =0.01 and 0.007, respectively. The positions for the EPs are & =0.9612505, ky =
0.029632, ky = +6.4 x 10~%in Aand @y =0.961297, k, = 0.029592, ky ==+6.6 X 10~% in B. The positions of the two C points are ¢y = (0.961261, 0.9612108),
kx =(0.029638, 0.029623), k, = (6.3 x 1074, -6.8 x 107%) in A and @1 = (0.961297, 0.961270), kx = (0.029588, 0.02958), ky, = (6.48 x 1074 —6.8 x 1074 in
B. In both A and B, two isofrequency contours are chosen, on which the polarizations fields are shown in C-F, with g =0, —1/2,0, —1/2 and &1 =0.9612 +

(5.5,8.3,8.3,5) x 1072, respectively.

(Fig. 24), we choose two contours on the upper band (the charge
distribution on the lower band is similar): One encloses two EPs
only and the other encloses also the C point. The polarization
fields on the contours are shown in Fig. 2 C and D, with ¢ =0 and
—1/2, respectively. Despite this charge variance, we emphasize
that for any isofrequency contour, the Berry phase is an invariant
m, regardless of whether the symmetry is broken or not (58-62).
Basically, Fig. 2C tells convincingly that a nontrivial Berry phase
does not necessarily produce a nonzero polarization charge.

Except EPs, other points on the Fermi arc actually correspond
to two sets of eigenmodes with equal &, while different w2. As
a result, the C point on the Fermi arc (Fig. 2B) is not really
shared by both bands (only EPs are shared), but still locates
on the lower band, which can be confirmed by inspecting @s.
With the absence of C points, the charge distribution on the
upper band would be identical to that in Fig. 1B: Any isofre-
quency contour encloses two EPs only with ¢ =—1/2. On the
lower band, in contrast, an isofrequency contour can enclose
either two EPs and inevitably a C point on the Fermi arc or two
EPs and two C points. Both scenarios are illustrated in Fig. 2
E and F, with ¢ =0 and —1/2, respectively. Fig. 2E reconfirms
that Berry phase and partial polarization charge are not strictly
interlocked.

Charge distributions for all three structures are summarized
in Table 1, with blank spaces corresponding to scenarios not
observed for structures studied in Fig. 1 or Fig. 2. Table 1 clearly
indicates that for both the upper and lower bands, the global
charge (when the contour is large enough to enclose not only EPs
and but also all C points) is invariant (¢ = —1/2), irrespective of
how the C points are distributed or whether the mirror symmetry
is broken or not. In a word, there is a hidden order underly-
ing the seemingly complex evolutions of polarization fields and
their charges: The evolution is bounded by charge conservation.
Considering the invariant = Berry phase for any isofrequency
contours, it becomes clear that the global polarization charge
(rather than partial ones when the contours cover part of the
singularities of degeneracies or C points) is inextricably linked
to this invariant Berry phase. Such a subtle connection is also
subtly related to not only Hermitian degeneracies (25, 27, 45),
but also scenarios with the degeneracies removed by further
perturbations (25, 43).
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As the final step, we employ the two-level Hamiltonian pro-
posed in ref. 25 to clarify underlying physical mechanisms.
The corresponding Hamiltonian of this model in the linear
basis is

H (s, ky) = (ks +i7)0: + kyos + Koy, [1]

where k, , are real; o, . are Pauli matrices; and « and v are
the planar chirality (SI Appendix, sections 2 and 3) and radia-
tion loss terms, respectively. This Hamiltonian matrix is indeed a
rather ordinary 2 x 2 non-Hermitian matrix, except that Berry
and Dennis view its eigenvectors x = (z1;22) as Jones vectors
(63) to characterize polarized light (e.g., in linear basis (1, +4)
or equivalently z; = %4z, corresponds to circular polarizations).
This establishes an effective connection between the Hamil-
tonian matrix and the electromagnetic polarization fields (S/
Appendix, section 3). With this connection, when « = 0, EPs cor-
respond to degenerate eigenvectors satisfying zi"" = +iz3"" and
thus overlap with C points (chiral EPs); when x#0, EPs are
nonchiral z{°F # +iz}’" and thus separated from C points (25,
64-66). Since for realistic scenarios discussed in Figs. 1 and 2,
all EPs are nonchiral, the introduction of chirality term & is
inevitable, which nevertheless is missing in ref. 36.

For convenience of analysis, to directly locate C points in par-
ticular, the Hamiltonian can be converted into a circular-basis
form as (25)

Table 1. Charges for C points and different isofrequency
contours (L and U, lower and upper bands, on which charge
values are shown in blue and red colors, respectively)

9=0 9 =0.01 9 =0.007
L u L U L U
1C -1/2 -1/2 -1/2 -1/2
2 EPs +1/2 —-1/2 0 0 -1/2
2EPs+1C -1/2 -1/2 0
2EPs+2Cs —-1/2 —-1/2
Global —-1/2 —-1/2 -1/2 —-1/2 -1/2 —-1/2
Entries underlined are scenarios covered in ref. 36.
PNAS | 30f6
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He (ke ky) = (ke +i7)02 + kyoy + ko

- K ke —iky + iy (2]
T\ ks +iky +iy —K )

since such conversion would transform o ,,. in a linear basis to
0y,2,z in a circular basis (S Appendix, section 2). After this con-
version, circular-basis eigenvectors z{ = +izy; now correspond
to linear polarizations, while those of z{z3 =0 correspond to C
points. Identical to the linear basis case, the EPs correspond to
circular (noncircular) polarizations with the chirality term x =0
(k #0). The superiority of this circular-basis Hamiltonian resides
in that the positions of C points can then be directly identified
by setting the off-diagonal terms of the matrix equal to zero:
k. £iky +1iy=0. Their roots k, =0, k, =F are the positions
of C points on the upper and lower bands, respectively (25).
This model can explain the charge distributions shown in Fig. 24
(also summarized in Table 1 with © = 0.01) with the two C points
located on opposite bands, except that in this model the topolog-
ical charge of the C point and the global charge for either band
are +1/2 rather than —1/2 (SI Appendix, section 5). To account
for these discrepancies, we modify the Hamiltonian as

He (kzy ky) = (ko + 7)oz — kyoy + K02, [3]

the complex eigenvalues of which are 7=+ in2=
+/k2+kZ+ K> —~>+2ik,y (7 is degenerate at EPs
while only 7; is degenerate at other points on the Fermi arc).
Eq. 3 is obtained by adding a minus sign before the o, term in
Eq. 2, which is similar to substituting the Hamiltonian of the K
valley for that of the K’ valley in graphene, inducing a 27 jump
of Berry phase from 7 to —m (67, 68) (SI Appendix, sections 4
and 5). Although Berry phases of = and —7 are effectively the
same (phase is only definable modulo 27), the corresponding
polarization fields and charge distributions are contrastingly
different (S Appendix, sections 4 and 5), with opposite signs for
both the C-point charge and the global charge of both bands
(¢=+1/2 in Eq. 2 versus ¢ = —1/2 in Eq. 3). The polarization
fields extracted from this modified model (y=1 and x=0.8)
are shown in Fig. 34, which are topologically equivalent to those
in Fig. 24: C points located on opposite bands with identical
charge ¢ =—1/2; for iso-eigenvalue (1) contours that enclose
both EPs, ¢ = —1/2 and ¢ = 0 with and without the extra C point
surrounded, respectively (Fig. 3 C and D); and the global charge
is constant (¢ = —1/2) for both bands.

Since the model presented above is linear, there is only one
solution when either off-diagonal term is setting to zero. This
means that there is one and only one C point on each band.
As a result, this linear model would fail to account for what is
observed in Fig. 1C, where there are two C points on the same
band. Actually, the linear model in Eq. 3 has broken the k.-k.
mirror symmetry of the polarization fields on each band (repre-
sented by line fields of the same color), as confirmed by the field
patterns in Fig. 34. To reflect the mirror symmetry of the struc-
ture and thus also the polarization fields, the linear model can be
further modified as

He (koy ky) = (ke +i7)0w — kyoy — kyo, [4]

where the constant chirality term « in Eq. 3 is replaced by the
variable —F,, which guarantees that the constructed polariza-
tion fields are symmetric with respect to the k,-k. plane (see
SI Appendix, section 6 for detailed arguments concerning field
symmetry and this replacement). The symmetric fields on each
band (in contrast to asymmetric ones in Fig. 34) extracted from
this model (y=1 and x=0.8) are shown in Fig. 3B, which is
topologically equivalent to Fig. 1C: Two C points locate on the
same band each with ¢ = —1/2; for iso-eigenvalue contours on
the upper band ¢ = —1/2; iso-eigenvalue contours on the lower
band that enclose both EPs have ¢ =+1/2 and ¢ = —1/2, with-
out and with the two C points surrounded, respectively (Fig. 3
E and F); and the global charge is an invariant ¢ =—1/2 for
both bands. This reconfirms the claim in ref. 36: Combined mir-
ror symmetry and mode swapping produce half-integer charges.
Here for simplicity we have confined to linear models only, aim-
ing to explain topologically what has been observed in Figs. 1 and
2. To obtain more than one C point on the same band, besides
introducing the variable chirality term as shown in Eq. 4, we can
also incorporate nonlinear terms into the two-level Hamiltonian,
which nevertheless would change the charge distribution both
locally and globally (SI Appendix, section 7).

Conclusions

We revisit PCSs supporting EPs and establish a subtle connection
between invariant Berry phase and the conserved global charge.
It is revealed that for any isofrequency contour enclosing both
EPs, despite the nontrivial = Berry phase invariance, the topo-
logical charge is contrastingly variable, which could even be the
trivial zero charge. Such seemingly complex evolutions of charge
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(A and B) Polarization fields extracted from the model respectively in Egs. 3 and 4, with v = 1 and x = 0.8. Two iso-eigenvalue contours are selected

in A and B, on which the polarizations fields are shown in C-F, with g =—1/2,0, +1/2, —1/2, respectively.
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distributions are mediated by extra C points, ensuring global
charge conservation for both bands that is synonymous with the
Berry phase invariance.

It is worth emphasizing that our Hamiltonians treat all modes
as radiative (within the light cone), as indeed is the case through-
out this work (SI Appendix, section 1). When the radiative term
~ is sufficiently large, C points (located at k, =0, ky==%7)
can move out of the light cone and thus become evanescent
and not observable in the far field. Under this circumstance,
those C points do not contribute to the global charge, which
would then not be conserved anymore. Our discussions are con-
fined to fundamental two-level systems, which can be extended
to more sophisticated systems with more complex EP distri-
butions (69-81). The Berry phase in this study is defined for
near-field Bloch modes rather than their radiated electromag-
netic fields, but it has recently been shown that the Berry phase
for fields themselves on a contour can be also defined (14,
82). We expect that blending all those concepts (EPs, Berry
phase of their matrix eigenvectors, Berry phase and polariza-
tion singularities of the corresponding electromagnetic waves)
would render much more fertile platforms to incubate new
fundamental investigations and practical applications, including
the rare scenario of Berry phase (for electromagnetic fields)
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