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Scattering invariance for arbitrary polarizations protected by joint spatial-duality symmetries
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We reveal how to exploit joint spatial-electromagnetic duality symmetries to obtain invariant scattering
properties (including extinction, scattering, absorption) of self-dual scattering systems for incident waves of
arbitrary polarizations. The electromagnetic duality ensures the helicity preservation along all scattering direc-
tions and thus intrinsically eliminates the interferences between the two scattering channels originating from
the circularly polarized components of incident waves. This absence of interference directly secures invariant
scattering properties for all polarizations located on the same latitude circle of the Poincaré sphere, which are
characterized by polarization ellipses of the same eccentricity and handedness. Further incorporations of mirror
and/or inversion symmetries would lead to such invariance throughout the whole Poincaré sphere, guaranteeing
invariant scattering properties for all polarizations. Simultaneous exploitations of composite symmetries of
different natures render an extra dimension of freedom for scattering manipulations, offering new insights
for both fundamental explorations and optical device engineering related to symmetry-dictated light-matter

interactions.
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I. INTRODUCTION

Like in many other disciplines of physics, the principles
of symmetries have been pervasive and widely exploited in
different branches of photonics [1-5]. For various optical el-
ements, the optical responses are, to a large extent, decided
by the scattering features of their irreducible constituents,
flexible manipulations of which are crucial for not only funda-
mental studies but also practical optical device designs [6,7].
This makes the related branch of Mie scattering essential
and ubiquitous throughout photonics, where a tight grasp of
the scattering properties of building atoms serves widely as
the cornerstone for further explorations. For many specific
applications, stable optical functionalities that are immune to
inevitable polarization fluctuations in realistic devices are de-
sired. This can be largely reduced to another classical problem
in Mie theory: how to obtain inherently invariant scattering
properties for arbitrary polarizations.

It has been revealed that generic scattering invariance can
be obtained based on pure spatial symmetries of scattering
configuration not only for some specific sets of polarizations
(e.g., linear polarizations [8] and circular polarizations [9])
but also for all polarizations covering the whole Poincaré
sphere that is widely employed for arbitrary polarization
characterization [10]. Besides spatial symmetries, it was re-
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cently shown that, alternatively, the electromagnetic duality
symmetry [3,11] can be also exploited to render similar scat-
tering invariance for linear polarizations [12—14]. Compared
to spatial symmetries that can easily be broken when incident
waves are also taken into consideration [9], duality symmetry
is intrinsic (decided by only the scattering bodies and not
affected by the external incident waves) and thus generally
intact for all incident directions, despite the fact that it im-
poses more stringent restrictions on the optical properties
of the scattering systems [11-16]. It has been demonstrated
that combined spatial-duality symmetry can be employed for
manipulations of angular scattering patterns [12,13,17,18],
and it is thus natural to expect that such joint symmetries
can be further exploited to obtain all-polarization independent
scattering properties.

Here we unveil how discrete spatial symmetries and
electromagnetic duality symmetry can be exploited simulta-
neously to guarantee invariant scattering properties (including
cross sections of extinction, scattering, and absorption) for
arbitrary incident polarizations. It is revealed that for arbi-
trary self-dual scattering bodies lacking any spatial symmetry,
sole duality symmetry is sufficient to ensure that the two
scattering channels (contributed by circularly polarized com-
ponents with opposite handedness of the incident waves) are
effectively decoupled and orthogonal to each other along all
directions. This leads to scattering invariance for polarizations
on the same latitude circle of the Poincaré sphere, that is,
polarizations of the same ellipse eccentricity and handedness.
Further incorporation of mirror and/or inversion symmetries
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FIG. 1. (a) The scattering configuration is studied within the
coordinate system parameterized by polar angles (6 and ¢) and
Cartesian coordinates x, y, z. Unless specified otherwise, the incident
plane wave is propagating along the z axis. (b) Scattering efficiency
spectra (both total scattering and partial contributions from ED and
MD) for the Ag core-dielectric (n = 3.4) shell spherical particle
(Ry = 65 nm and R, = 218 nm). The resonant spectral position
(self-duality position) is marked at Agp = 1512 nm.

can further extinguish the optical activities (distinct responses
for circular polarizations of opposite handedness), resulting
in invariant scattering properties for arbitrary polarizations.
The symmetry principles we have revealed can bring new per-
spectives for manipulations of symmetry-dictated light-matter
interactions, benefiting both symmetry-based fundamental
explorations (e.g., topological photonics and parity-time sym-
metry optics) and optical device engineering.

II. HELICITY PRESERVATION ALONG ARBITRARY
SCATTERING DIRECTIONS FOR SELF-DUAL
SCATTERING SYSTEMS

Self-dual scattering systems are those that are invariant
under duality transformations [3,11,13,14], which in essence
cannot differentiate the electric and magnetic components
of incident electromagnetic waves. It has been proved that
for self-dual scattering bodies, along all scattering directions
there is helicity preservation (including those directions where
there are no radiations, for which the helicities are not well
defined) [11,17,19]. This means that, for incident left- and
right-handed circularly polarized (LCP and RCP) waves, the
scattering along any direction is also, respectively, LCP and
RCP. In this section, we aim to provide a much simpler, more
intuitive and accessible proof to verify this all-angle helicity
preservation feature, which will serve as a foundation for
our further discussions of scattering invariance for arbitrary
polarizations.

As a first step, we assume that the incident plane wave
is propagating along the z direction [wave vector k || z; see
also the coordinate system shown in Fig. 1(a)], which can
be expanded into either the linear basis X and Y (linearly
polarized wave along the x and y axes, respectively) or the
circular basis L and R (LCP and RCP waves, respectively).
When the incident wave is X, we denote the scattered wave
along an arbitrary direction s in the circular basis as

E; = a(s)L + B(s)R, (1)

where «(s) and B(s) are complex expansion coefficients. Then
we implement a /2 duality transformation for the whole
scattering configuration (the self-dual scattering body is in-

variant upon duality transformations; the incident wave and
scattered waves are rotated by 7 /2 along k and s, respectively)
[13], which would convert the incident wave from X to Y and
the scattered wave in Eq. (1) to [10]

E, = —ia(s)L + if(s)R, )

where the extra phase term +i for RCP and LCP scattered
components originates from the nontrivial spin rotation phase
of circularly polarized light, which was discussed in detail in
the Feynman lectures [20]. For incident waves L and R, or,
equivalently, 1 /ﬁ(X + 1Y), according to Egs. (1) and (2),
the scattered waves are

1 2 2

E, ﬁ[a(S)(l F )L+ B(s)(1 £ i°)R], 3)
which are exactly LCP and RCP, respectively (1 + i = 0).
This concludes the proof that the helicity is preserved along
arbitrary scattering directions for self-dual scattering bodies.
This helicity preservation feature is much stronger than the
rotation symmetry induced one discussed in Refs. [10,17],
where there is only helicity preservation along the forward
scattering direction.

III. INVARIANT SCATTERING PROPERTIES FOR
ARBITRARY POLARIZATIONS PROTECTED BY JOINT
SPATIAL-DUALITY SYMMETRIES

A. General theoretical analysis based on duality
symmetry principles

Similar to Eq. (1), incident waves of arbitrary polarizations
can be expressed as

E; = oL + BR, 4

and the scattered waves are related to the incident waves
through the linear scattering matrix T [6,10]:

E, = TE; = «E! + BEf, ()

where E-' = TL and Ef = TR are scattered waves with inci-
dent waves L and R, respectively. According to the helicity
preservation discussed in Sec. II, EX and EX are intrinsically
LCP and RCP waves along all directions which are orthogonal
to each other, and thus, there is no interference between those
two circularly polarized scattering channels. As a result, the
angular scattering intensity can be directly expressed as

I = i IF + |B1PIR, (6)

where I" = |EL|? and IR = |ER|? are angular scattering inten-
sities with incident waves L and R, respectively.

The optical theorem [6] indicates that the extinction is de-
cided by interferences between incident wave E; and forward
scattered wave E,(s|k). Since there is no cross interference
between LCP and RCP components, the helicity preservation
along the forward direction directly guarantees that [10]

Cext = loi|*CL + |BiI*C,, )

where CL and CR| are extinction cross sections for incident
waves L and R, respectively. The scattering cross section Cyc,
can be obtained by integrating the angular scattering inten-

sity shown in Eq. (6). Since there is no interference along

155427-2



SCATTERING INVARIANCE FOR ARBITRARY ...

PHYSICAL REVIEW B 102, 155427 (2020)

any direction for the two scattering channels EX and EF, the
scattering cross section can be, in a similar fashion, expressed
as

Coca = || *CE, + |1BiICR,, 8)

where CL, and CR, are scattering cross sections for incident
waves L and R, respectively. Also according to the energy
conservation, the absorption cross section can be obtained by
subtracting the scattering cross section from the extinction
cross section Cyps = Cext — Csca, leading to the following ex-
pression for the absorption cross section:

Cavs = lei|*Cgis + | Bil*Cos ©)

abs al

where C5 and CX  are absorption cross sections for incident
waves L and R, respectively.

Arbitrary polarizations that are expanded into the two cir-
cular bases as in Eq. (4) can be represented on the Poincaré
sphere [3]: two circular polarizations locate on the poles,
linear polarizations locate on the equator, other general ellip-
tically polarized states locate on regions between them (left-
and right-handed polarizations locate on the two hemispheres,
respectively), and the eccentricities and orientations of the
corresponding polarization ellipses are decided by the lat-
itudes and longitudes on the Poincaré sphere, respectively.
For convenience of discussion, we define the circular com-
ponent ratio for the arbitrarily polarized incident wave [refer
to Eq. (4)] as y; = B;/a;: its amplitude |y;| decides the ec-
centricity and handedness of the polarization ellipse, while its
phase Arg(y;) decides the orientation of the polarization el-
lipse [10,21]. A constant |y;| corresponds to the polarizations
on the equilatitude circle of the Poincaré sphere, that is, polar-
izations characterized by ellipses of the same eccentricity and
handedness (]y;| < 1: left handedness; |y;| > 1: right hand-
edness). Two singular positions without a well-defined phase
are |y;| = 0, oo, which correspond, respectively, to LCP and
RCP waves (ellipse orientations are not defined). Linear polar-
izations constitute a special case of this with |y;| = 1, which
locate on the equator of the Poincaré sphere.

According to Egs. (6)—(9), the scattering properties of self-
dual scattering bodies have nothing to do with Arg(y;) and
thus are fully independent of the orientations of the incident
polarization ellipses (e.g., the polarization directions of the
incident linearly polarized light). Those equations also show
convincingly that to achieve invariant scattering properties
(in terms of both cross sections and angular scattering pat-
terns), at least one of the following conditions has to be
satisfied: (i) |y;| is constant, and then the scattering invari-
ance is manifest only for those polarizations on the same
latitude circle of the Poincaré sphere (the special scenario
of linear polarizations was already studied in Refs. [13,14]);
(i) the optical activities are eliminated to ensure the scatter-
ing invariance for arbitrary polarizations. The elimination of
optical activities means identical responses of the scattering
systems for incident waves L and R: invariant cross sections
of extinction, scattering, or absorption require, respectively,
Cliscaavs = Cht.scaabs INVariant angular scattering patterns
require I = IX along any scattering direction. We emphasize
that invariance of scattering cross sections is very different
from the invariance of angular scattering patterns: the latter

would always secure the former, while the opposite is wrong.
This was discussed already in Ref. [10], where the sole ro-
tation symmetry produces invariant Cs., for polarizations on
the same latitude circle but variant angular scattering patterns.
Basically, the scattering invariance is manifest only when the
scattering is integrated among all directions [10].

B. Invariant scattering properties protected
by sole duality symmetry

As a next step, to further verify what was stated in
Sec. IIT A, we turn to specific demonstrations based on non-
magnetic self-dual core-shell particle clusters. We place our
scattering configuration in the coordinate system shown in
Fig. 1(a), and the employed fundamental building block is a
Ag core-dielectric shell (refractive index n = 3.4) spherical
particle, the self-duality of which at the resonant wavelength
Asp = 1512 nm is guaranteed by a pair of electric and mag-
netic dipoles (ED and MD) of equal strength [13,14,22,23].
This is confirmed by the scattering efficiency (scattering cross
section divided by the cross section of the particle) spectra
(both total scattering and those contributed by individual EDs
and MDs) shown in Fig. 1(b), where the self-duality resonant
position is also marked. As is the case throughout this work,
the optical constants of silver are adopted from the experi-
mental data listed in Ref. [24]; the geometric parameters of
scattering clusters are specified only in the figure, and scat-
tering properties are obtained through analytical calculations
[6] for the single particle [shown in Fig. 1(b)] and through
numerical calculations (COMSOL MULTIPHYSICS) for particle
clusters.

As already briefly mentioned in the Introduction, for a par-
ticle cluster consisting of such self-dual core-shell particles,
the self-duality of the cluster is inherent, which is independent
of the particle distributions or the wave incident directions.
This is contrastingly different from spatial symmetries, where
the symmetry of the whole scattering configuration is different
from that of the scattering body since the incident wave also
has to be taken into consideration [9]. This means that the
principles revealed in Sec. III A can be directly applied to
arbitrary self-dual clusters with arbitrary incident directions,
based on which invariant scattering properties can be obtained
for all polarizations on the same latitude circle of the Poincaré
sphere.

One such scattering configuration is shown in Fig. 2(a),
which exhibits no other spatial symmetries. The cross sec-
tion invariance at the self-duality wavelength Agp = 1512 nm
(only extinction and scattering cross section spectra are
shown; absorption spectra can be obtained through a direct
subtraction) are verified in Fig. 2(b) for linear polarizations
and Fig. 2(c) for elliptical polarizations on the same latitude
circle of the Poincaré sphere. For two polarizations not on
the same latitude circle, the invariance would be broken, as
shown clearly in Fig. 2(d). The invariant scattering patterns
at the self-duality wavelength [marked in Figs. 2(b) and 2(c)]
are shown in Figs. 2(e) and 2(f) for linear polarizations and
in Figs. 2(g) and 2(h) for elliptical polarizations. The in-
variance breaking of scattering patterns for the two arbitrary
polarizations [see Fig. 2(d)] is not further demonstrated, as
variant scattering cross sections must correspond to different
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FIG. 2. (a) A scattering configuration consisting of four self-dual
core-shell particles that exhibits no other spatial symmetry. Location
parameters specified in the plot are (r = /x> + 2, ¢, z), and the
unit for r and z is nanometers. Extinction and scattering spectra
for (b) linear polarizations of different orientations (|y;| = 1) and
(c) elliptical polarizations of different orientations while on the same
latitude circle of the Poincaré sphere [|y;| = tan(10°]) and (d) two
randomly chosen polarizations not on the same latitude circle. (e)—(h)
The angular scattering patterns at the marked self-duality (SD) points
in (b) and (c). The incident polarizations are labeled by circular
ratio parameters [|y;|, Arg(y;)] and the corresponding polarization
ellipses, which is also the case in Figs. 3 and 4.

scattering patterns. It is worth noting that the duality symme-
try is more or less preserved across a spectral regime close to
the designed self-duality frequency, where the ED and MD are
supported simultaneously with rather close magnitudes [see
Fig. 1(b)]. As a result, the scatterings shown in Figs. 2(b) and
2(c) are almost invariant throughout this regime rather than
at only a single frequency. Nevertheless, far from this regime
where the self-duality of the constituent particle is completely
broken (the ED and MD have contrastingly different ampli-
tudes), the scattering invariance would be lost [see Figs. 2(b)
and 2(c)]. This spectral feature is also manifest in Figs. 3(b),
3(d), 3(e), and 4(b), which will be elaborated on later.

C. Invariant scattering properties protected by joint
duality-mirror (perpendicular to the incident direction)
or joint duality-inversion symmetries

The theoretical analysis outlined in Sec. III A elucidates
that to extend the scattering invariance to cover the whole
Poincaré sphere, we have to introduce extra symmetries
to eliminate the corresponding optical activities. That is to
say, all-polarization independent extinction (scattering or ab-
sorption) is achievable only when extinction (scattering or
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FIG. 3. Two scattering configurations consisting of eight self-
dual core-shell particles each that exhibit extra perpendicular-mirror
symmetry in (a) and inversion symmetry in (c). The two clusters are
constructed by combing the cluster shown in Fig. 2(a) with its per-
pendicular mirror-imaging (mirror position z = 0) or point-imaging
(inversion point position x =y = z = 0) counterparts, respectively
(location parameters specified in the figure). The extinction and scat-
tering spectra are shown, respectively, in (b) and (d) for two randomly
chosen polarizations not on the same latitude circle of the Poincaré
sphere. For the configuration in (c), another set of spectra for two
arbitrarily chosen polarizations is shown in (e) for an incident wave
propagating along the x axis.

absorption) activity is absent, with the precondition that there
is self-duality of the scattering system.

We recently proved that the law of reciprocity and parity
conservation can intrinsically eliminate the extinction activity
(but not the scattering and absorption activities) when extra
mirror (perpendicular to the incident direction) or inversion
symmetry is introduced [9]: CL, = CR . Two such scatter-
ing configurations are shown in Figs. 3(a) and 3(c), which
are basically the scattering configuration shown in Fig. 2(a)
combined with its perpendicular mirror-imaging or point-
imaging counterpart, respectively. Besides self-duality, the
two scattering configurations exhibit, respectively, perpendic-
ular mirror and inversion symmetries. The extinction invari-
ance is confirmed in Figs. 3(b) and 3(d), with two randomly
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FIG. 4. (a) A scattering configuration consisting of eight self-
dual core-shell particles that exhibit extra parallel-mirror symmetry.
The scattering cluster is a combination of the cluster shown in
Fig. 2(a) and its parallel mirror-imaging (mirror position x = 0)
counterpart (location parameters are specified in the figure). (b) The
extinction and scattering spectra for two randomly chosen polariza-
tions not on the same latitude circle of the Poincaré sphere. (c)—(e)
The angular scattering patterns (including the two-dimensional pat-
terns on the x-y planes) at the self-duality marked point in (b).

chosen polarizations not on the same latitude circle for each
scenario. Compared to the mirror symmetry of the scattering
configuration that imposes a stringent restriction for the in-
cident direction (which has to be perpendicular to the mirror
in this case), the inversion symmetry is present for arbitrary
incident directions, which is also the case for the extinction
invariance. This incident direction independent invariance,
for the configuration in Fig. 3(c) with extra inversion sym-
metry, is further verified in Fig. 3(e) for another incident
direction (k || x). Since the extra perpendicular mirror or
inversion symmetry cannot eliminate the scattering or absorp-
tion activities [9] (CSIEMbs * Cslza’abs), the absence of scattering
and absorption invariance is manifest in all scenarios in
Figs. 3(b), 3(d), and 3(e). As discussed already, the absence
of scattering cross section invariance must be accompanied
by different angular scattering patterns, and thus, there is no
need to further demonstrate the variance of angular scattering
patterns.

We further note that in this section we have introduced
only either mirror or inversion symmetry. A combination of
them (such as the improper rotation symmetries [5]) will also
extinguish the extinction activity (but not the scattering or
absorption activity) [9] and thus could be employed to secure
invariant extinction cross sections for arbitrary polarizations
too.

D. Invariant scattering properties protected by joint
duality-mirror (parallel to the incident direction) symmetries

As clarified in Sec. III A, obtaining the invariance of all
cross sections for arbitrary polarizations requires the elimi-
nation of all extinction, scattering, and absorption activities
(ct = CR ). This can be directly realized through

ext,sca,abs ext,sca,abs

another mirror (parallel to the incident direction) symmetry,
where the law of parity conservation secures the same re-
sponses of the scattering bodies for incident LCP and RCP
waves [5,9]. A self-dual scattering configuration with such
parallel mirror symmetry is shown in Fig. 4(a), which is
basically the scattering configuration shown in Fig. 2(a) com-
bined with its parallel mirror-imaging counterpart. The cross
section invariance of extinction, scattering, and absorption for
arbitrary polarizations can be confirmed by Fig. 4(b), where
the scattering and extinction spectra for two randomly chosen
polarizations are shown.

As for the angular scattering pattern, the parity conserva-
tion secures the parallel mirror symmetry of I- and IR [5,9]:
ISL(qb, 0) = ISR(n — ¢, 0) [if the mirror plane is the y-z plane,
as shown in Fig. 4(a)]. Since the invariance of angular scatter-
ing patterns requires that - (¢, 0) = IR(¢, 0) for all scattering
angles [refer to Eq. (4)], the joint parallel mirror-duality sym-
metries cannot secure the invariance of scattering patterns.
The variance of angular scattering patterns is further verified
in Figs. 4(c)—4(e), where the patterns at the designed self-
duality wavelength Agp = 1512 nm [also marked in Fig. 4(b)]
are shown. Here, for better visibility of the contrast, two-
dimensional patterns on the x-y plane are also presented.

IV. CONCLUSIONS AND DISCUSSION

To conclude, we revealed comprehensively how to exploit
spatial and electromagnetic duality symmetries simultane-
ously to deliver invariant scattering properties (including cross
sections of extinction, scattering, and absorption) for arbitrary
polarized incident waves. Sole self-duality of the scattering
system ensures, regardless of geometric shapes or incident
directions, invariant scattering properties only for all polariza-
tions on the same latitude circle of the Poincaré sphere (|y;]
is constant). It was further revealed that further introduction
of extra mirror and/or inversion symmetries can extend such
invariance to cover the whole Poincaré sphere, revealing in-
variant scattering properties for arbitrary polarizations. The
core results of this work shown in Egs. (6)—(9) are valid not
only for fully polarized waves on the Poincaré sphere (as we
have discussed in this work) but also for the partially polarized
or even unpolarized waves within the Poincaré sphere. Here,
for specific demonstrations, we employed the elementary self-
dual nonmagnetic particles supporting only ED and MD. The
principles revealed are symmetry generic and thus applicable
to any self-dual system, including but not limited to self-dual
particles supporting equal higher-order multipoles [25-27]
or even self-dual magnetic nonreciprocal particle clusters
[13,17,18]. The invariance we obtained is inherent, which is
protected by the fundamental laws of reciprocity and helicity
and parity conservations and thus would be robust against
any symmetry-preserving perturbations. The joint symme-
try principles we have disclosed can provide insights for
manipulating various sorts of symmetry-dictated light-matter
interactions, shedding light on symmetry-related fundamental
investigations (in fields such as topological and/or parity-time
symmetric non-Hermitian optics), and delivering extra oppor-
tunities for optical device designs.
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