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Dispersion-suppressed mode depletion in a resonant cavity is usually challenging due to the entan-
glement of amplitude and phase response dictated by the Kramers-Kronig relationship. In this study,
we examine the dispersion-suppressed mode depletion induced by parity–time- (PT-) symmetric dual
resonators by taking advantage of the exotic property at the exceptional point (EP). We show that this
technique can modify the linear spectrum of an optical resonator for relaxed phase-matching condi-
tions in nonlinear optics, thus profoundly altering the nonlinear behavior of integrated Kerr combs.
Indeed, dissipation-induced modulation instability (MI) is predicted and numerically verified in nor-
mal group-velocity dispersion (GVD) microresonators, and the single-soliton-generation probability
is greatly enhanced in the anomalous GVD regime. The merging of two vibrant disciplines, i.e.,
non-Hermitian optics and nonlinear optics, especially Kerr microcombs, can deepen our understand-
ing of non-Hermitian optical frequency combs and opens broad applications ranging from fiber-optic
communications, microwave photonics, and ultrafast optics to quantum state manipulations.
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On-chip nonlinear optics is promising for classical and
nonclassical applications [1–7] but is usually hindered
by phase-matching conditions [8], which are required for
efficient interactions between the waves involved. As an
important application of integrated nonlinear optics, Kerr
microcombs emerge as the linear phase mismatch com-
pensates for the nonlinear phase mismatch offered by the
strong pump light, which exists only in the anomalous dis-
persion regime. Notably, anomalous dispersion for devices
designed for the near-infrared wavelength range requires
thick films that require challenging fabrication processes
[9]. Recent works show that frequency-dependent loss
(i.e., optical filtering) can induce additional phase mis-
match that cancels out the sum of the linear and nonlinear
phase mismatch in the normal dispersion regime, lead-
ing to nonlinear optical gains [10–12] that are responsible
for the generation of microcombs if embedded in optical
cavities.
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However, pure mode depletion in resonant cavities is
hindered by the Kramers-Kronig relationship, i.e., new res-
onances are generated due to the mutual coupling between
the amplitude and phase responses through the periodic
boundary condition of the cavity. This is true even for
intracavity-mode-depletion effects induced by all-optical
means [13–16]. As a result, optical frequency combs based
on optical filtering in the normal dispersion regime are
demonstrated in fiber-based cavities, yet with the fre-
quency spacing between adjacent comb lines deviating
from the pure filtering effect due to additional disper-
sion effects [17]. More importantly, the deviations in
microresonators become qualitatively different from the
bulk cavities, since the dispersion in microresonators can
be orders of magnitude larger than that of their bulk coun-
terparts, satisfying phase-matching conditions by reversing
the linear phase-matching sign [9,18–20] and completely
overriding loss-induced phenomena. Therefore, it is criti-
cal to develop a simple and effective strategy to realize a
dispersion-suppressed mode-depletion method for on-chip
intracavity mode manipulation.

Recent explorations of parity–time- (PT-) symmetric
coupled waveguides and resonators open the doors for
non-Hermitian light manipulation [21–23]. Exceptional
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points (EPs) are utilized to induce topological chirality
[24,25], enhance sensitivity [26], or for the Sagnac effect
[27,28]. Novel microcomb dynamics in PT-symmetric
coupled microrings with modifications to all resonant
modes have also been investigated [29,30]. Various
schemes of light manipulation based on coupled microres-
onators have also been reported, yet the underlying sys-
tems are Hermitian [9,18–20]. Here, we explore the EP
of dual coupled microresonators to design dispersion-
suppressed mode depletion for a single resonant mode.
Due to the simultaneous collapse of eigenvalues and eigen-
vectors at the EP, unsplit but significantly increased dis-
sipation of the selected resonance is achieved, fitting the
requirement of pure mode depletion elegantly. By taking
advantage of relaxed phase-matching conditions offered
by pure mode depletion, dissipation-induced modulation
instability (MI), as well as induced dark pulses, are the-
oretically predicted in microresonators. In addition, we
identify dispersion-suppressed mode depletion as a route
towards harnessing single dissipative Kerr soliton genera-
tion with a high generation probability in the anomalous
dispersion regime, a phase-matching-irrelevant method
that is distinct from the dispersive-wave-induced losses,
meanwhile featuring improved system controllability and
robustness.

We start from coupled-mode theory (CMT) [31] to
demonstrate the idea of dispersion-suppressed mode deple-
tion. It is well known that the intracavity intensity enhance-
ment of a single microresonator, defined as the ratio
between the intracavity mode intensity and input mode
intensity, yields a comb spectrum [Fig. 1(a)]. To get rid
of the intensity enhancement of a particular resonance
at ω1 of the main resonator (red, low loss), an auxiliary
microresonator (blue, high loss), the resonant frequency,
ω2, of which is tuned to ω1 can be used, forming a non-
Hermitian system, as sketched in Fig. 1(b). The intrinsic
decay rates of two resonators are denoted by γ1 and γ2, and
γ1 � γ2. The coupling decay of the main cavity induced
by the straight waveguide is γc. The coupling rate between
the two cavities is κ . To achieve single-mode selectivity,
the radius of the auxiliary ring is much smaller than that
of the main ring. |a1|2 and |a2|2 are the stored energies
inside the main and auxiliary cavities, respectively. In the
regime of γc ≤ γ1 (i.e., the main cavity is in the undercou-
pling or critical coupling condition if the auxiliary cavity is
absent), the evolution of the modal field, A = (a1, a2)

T, in

this structure obeys idA/dt = HA − i
√

γc
(
a0 0

)T, where
the non-Hermitian Hamiltonian, H , is given by

H =
[
ω1 κ

κ ω2 − iγ2

]
. (1)

The eigenfrequencies of H are ω± = ω1 − i(γ2/2) ±
(1/2)

√
4κ2 − γ 2

2 when ω2 = ω1. Figures 2(a) and 2(b)
schematically plot the mode splitting and decay of the
supermodes as a function of γ2, as given by Re(ω± − ω1)

and Im(ω±), respectively. Under the conditions of 4κ2 =
γ 2

2 , the eigenfrequencies and eigenvectors collapse and the
coupled resonators operate at the EP. Figures 2(c)–2(e)
show the intracavity intensity enhancements of the main
cavity (solid black lines) at three different γ2, correspond-
ing to the PT-symmetric regime (i), the EP (ii), and the
PT-symmetry-broken regime (iii), respectively. The intra-
cavity intensity enhancements are calculated by Eq. (A2),
divided by the round-trip time of the main cavity (see more
information in Appendix A). It is clear that the EP [case
(ii)] serves elegantly in the role of dispersion-suppressed
mode depletion, while mode splitting occurs in case (i),
and the intracavity intensity enhancement of the main cav-
ity recovers in case (iii). The dispersion-suppressed mode
depletion can be described quantitatively by η(ω), a ratio
defined as the mode intensity of the main cavity in the
coupled structure over that of a single cavity. From CMT
analysis, η(ω) is found to be

η(ω) = 1 + κ2

(ω − ω+)(ω − ω−)
. (2)

It is trivial to see that ω± ≈ ω1 + iγ2/2 and η(ω1) = 0
at EP, leading to the absence of resonance splitting (disper-
sion suppressed) and elimination of the resonant field at ω1
(depletion). See Appendix A for a detailed derivation.

The coupled resonators can also be analyzed by a more
rigorous method, i.e., the transfer matrix method (TMM),
which serves as a link between the linear analysis shown
above and the nonlinear analysis discussed later. The
intensity enhancement in the main cavity derived by the
TMM is given by the red dashed lines in Figs. 2(c)–2(e),
which agree well with the CMT results (see Table I in
Appendix A for the relationships between the parameters
used in the two models). In the framework of the TMM,
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(a) (b) FIG. 1. Schematic diagram of (a)
a conventional high-Q microresonator
and (b) parity–time-symmetric coupled
microrings, and the corresponding intra-
cavity field enhancements of the main
cavity.

034028-2



DISPERSION-SUPPRESSED MODE DEPLETION. . . PHYS. REV. APPLIED 18, 034028 (2022)

–100 0 100

CMT
TMM

–100 0 100

–40

–20

0

20

–100 0 100
(GHz)

–40

–20

0

20

ω-ω
1

M
od

e 
sp

lit
tin

g 0

D
ec

ay
 ra

te

i ii iii

(a)

γ
2

2κ
γ
2

(b)

(c) (d) (e)

(f) (g) (h)

i ii iii

In
te

ns
ity

en
ha

nc
em

en
ts

 (d
B)

0

(GHz)ω-ω
1 (GHz)ω-ω

1

FIG. 2. Operation principle of dispersion-suppressed mode depletion. (a) Mode splitting, i.e., Re(ω±) − ω1, as a function of γ2.
(i)–(iii) γ2 = 373.5 MHz, 56 GHz, and 373.5 GHz, respectively. (b) Decay rates of the two eigenmodes, i.e., Im(ω±), as a func-
tion of γ2. Red branch is the variation in the main cavity. (c)–(e) Intracavity intensity enhancements of the main cavity at three
different γ2, corresponding to (i)–(iii) in (a),(b). Black and red dotted lines are derived from CMT and the transfer-matrix method
(TMM), respectively. (f)–(h) Intensity enhancements of the main cavity in TMM derived by considering the amplitude and the phase
response of τst separately, corresponding to (i)–(iii) in (a),(b). Green and blue lines are simulated by considering the phase and ampli-
tude response, respectively. Parameters used, γ1 ≈ 271.65 MHz, γc ≈ 42.45 MHz, and κ ≈ 27.3 GHz. Parameters used in TMM are
calculated according to Table I given in Appendix A.

the auxiliary resonator and part of the main resonator, as
shown by the dashed box in Fig. 1(b), form a subsystem,
the role of which is equivalent to a lumped filter inserted
into the main cavity. The transfer function of the lumped
filter, τst(ω), is given by Eq. (A6) in Appendix A. The
intensity enhancements of the main cavity, derived by con-
sidering the amplitude and phase response of τst, are shown
by the blue and green lines, respectively, in Figs. 2(f)–2(h).
By comparing Figs. 2(f)–2(h) with Figs. 2(c)–2(e), it is
clear that the amplitude and phase response of τst is respon-
sible for the dispersive and dissipative effects, respectively.

Based on the linear property of the system, we further
verify the effectiveness of the dispersion-suppressed mode
depletion in nonlinear processes via explorations of the
microresonator-based optical frequency combs (OFCs).
It is known that self-organized dissipative Kerr solitons
(DKSs) can be formed based on the double balancing
of nonlinearity and dispersion as well as dissipation and
parametric gain in chip-scale microresonators [32]. The
nonlinear behavior is captured using a generalized ver-
sion of the standard Lugiato-Lefever equation (GLLE) [12]
with the lumped spectral filter τst (verification of the GLLE
model is given in Appendix B). A spectral Sech2 envelope

is expected, regarding the single DKS generated in anoma-
lous group-velocity dispersion (GVD) microresonators.
Now we consider the situation in which non-Hermitian sin-
gularity is introduced into a specific longitudinal mode of
the main cavity by our scheme, i.e., the third mode (μ = 3)

from the pump resonance (μ = 0) gets depleted in this
case. As shown in Fig. 3(a), a single DKS with the spectral
envelope following the Sech2 function is generated as well,
except that the third comb line from the pump mode gets
strongly suppressed. The comb spectra generated by con-
sidering the phase and amplitude of τst in the GLLE model
are given in Figs. 3(b) and 3(c), respectively. Compared
with Fig. 3(a), it is clear that dissipation other than the dis-
persion dominates in this process, confirming the role of
pure mode depletion. Note that single-mode depletion is
valid over a certain bandwidth due to the physical limita-
tions of decreasing the radius of the auxiliary cavity. By
changing the alignment of the two cavities, the mode that
gets depleted can be tuned (as discussed in Appendix C).
In contrast to the DKS generated by Hermitian-mode
coupling, the soliton spectra generated by the dispersion-
suppressed operation avoid significant envelope distortion
from the Sech2 shape [33], which remains valid even for

034028-3



BOQING ZHANG et al. PHYS. REV. APPLIED 18, 034028 (2022)

Po
w

er
 (1

0 
dB

/d
iv

)

–20 –10 0 10 20

–2 0 2
Time (ps)

Po
w

er
(2

0 
dB

/d
iv

)
–20 –10 0 10 20
Relative mode number μ

–2 0 2
Time (ps)

Po
w

er
(2

0 
dB

/d
iv

)

–20 –10 0 10 20

–2 0 2
Time (ps)

Po
w

er
(2

0 
dB

/d
iv

)(a) (b) (c)

GLLE with GLLE with GLLE with

FIG. 3. Dissipative Kerr soliton with single-mode depletion in the anomalous dispersion regime. (a)–(c) Simulated spectra from
GLLE with τst, Arg(τst), and |τst|, respectively. Insets are the corresponding temporal waveforms of the generated single soli-
tons. Simulation parameters are tR1 = 4.4 ps, L1 = 628 μm, α1 = 2.4 × 10−3, α2 = 1 × 10−2, u1 =

√
3.75 × 10−4, u2 = 0.021,

β2 = −81 ps2/km, 	 = 1(W m)−1, |Ein|2 = 0.42 W, and δ scans linearly starting from −0.0041 at a sweep rate of 7.5533 × 10−7

per round-trip. L1/L2 is 33. See Table I in Appendix A for more descriptions of the parameters.

the generation of octave-spanning frequency combs (see
Appendix D).

In addition, a significant improvement in single-soliton-
generation probability is observed by our scheme com-
pared to the case of a single cavity with the same pump-
scanning rate. Figure 4 shows a diagram of the probability
of single-soliton generation as a function of external pump
power and pump phase detuning with and without single-
mode depletion [34], showing a greatly boosted success
rate of single-soliton generation to nearly 100% even at
low power levels, suggesting it is insensitive to the exter-
nal pump power. Single solitons are formed by fixed-speed
unidirectional pump-frequency sweeping in both cases,
showing a simple way to greatly improve the success
rate while avoiding a complex pump-scanning trajectory
[35]. The improvement in single-soliton statistics can be
attributed to the temporal modulation induced by spectral

filtering, indicating the effectiveness of a phase-matching-
irrelevant loss mechanism (i.e., pure mode depletion other
than dispersive-wave-induced loss [33]) for soliton trap-
ping or passive mode locking. The mode at μ = 10 is
depleted in this case, which is similar to the case of
depleting μ = 3 or other modes located relatively close
to the pump. Moreover, the impact of the pump-detuning
rate, loss of the auxiliary cavity, coupling, periodicity of
the dissipation operation, and the misalignment between
two cavities are thoroughly analyzed (see Appendices E
and F), showing outstanding robustness against various
structural or operational imperfections. This is in con-
trast to dispersion-assisted soliton formation, where refined
dispersion control is required [33,36].

Next, we proceed to study the impact of the dispersion-
suppressed mode-depletion operation on assisting OFC
generation via depletion-induced MI in normal GVD
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FIG. 4. Probability of single-soliton formation as a function of pump power and pump detuning with (a) and without (b) single-mode
depletion in the anomalous GVD regime on the pump-detuning map. For each pump level, 100 simulations of GLLE are carried out,
and the probability of the single soliton is derived accordingly [following, e.g., Fig. 6(b) in Ref. [30] ]. Statistical heat map is obtained
by scanning the pump from 0 to 2 W with a 0.01-W increase per step. Mode μ = 10 is depleted. Parameters used are the same as those
in Fig. 3.
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microresonators. In general, MI is a mechanism respon-
sible for amplification and self-organization, commonly
related to amplification processes in nonlinear optics. It is
known that MI in normal GVD microresonators is chal-
lenging due to the lack of effective phase matching. Sev-
eral studies have employed the strong mode splitting that
occurs in Hermitian-coupled microresonators to reverse
the local dispersion from normal to the abnormal regime
and realize MI and dark solitons in normal GVD microcav-
ities [18,37,38]. In contrast, it is proposed and validated in
fiber-based cavities [17] that frequency-selective depletion
or filtering can break the limit of Hermitian phase match-
ing [10,39] and leads to MI in the normal GVD regime.
To validate the effectiveness of the dissipation-induced MI
in microresonators and to distinguish such MIs from the
one generated by dispersion reversing [18], the dispersion-
suppressed mode-depletion operation in microcavities is
essential. We consider again the situation that the third
mode (μ = 3) from the pump resonance (μ = 0) gets
depleted. The initial comb line is expected to be generated
on the other side of the pump, which is located symmet-
rically with respect to the pump compared to the filtered
frequency (i.e., μ = −3). After four-wave mixing, other
comb lines are generated, including the one at the mode
that gets depleted [11]. As a consequence, the free spectral
range (FSR) of the generated comb is determined by the
relative mode number of the mode that gets depleted. As
shown in Fig. 5(a), the OFC is generated with FSR equal
to 3 times the FSR of the main cavity. Simultaneously,
dark pulses are predicted within a round-trip time in the
time domain, which has not been reported so far based on
dissipation-induced MI. By changing the alignment of two
cavities, the FSR of the generated frequency combs and
the number of dark pulses can be tuned (see Appendix C).
Note that for bulk cavities, there is a certain frequency
shift between the center filtering frequency and the ini-
tially generated comb lines [17]. The reason behind this
difference lies in the fact that the frequency shift induced

in bulk cavities is due to phase modulation from the bulk
filters [17], which is minimized in our scheme. Compared
to the dissipation-induced MI in bulk cavities, the FSR of
such a MI generated by our scheme can be precisely con-
trolled. Further analyses regarding the MI threshold show
that the input pump power can be substantially reduced
due to the high-quality factor of integrated microresonators
(see Appendix G). The comb spectra generated by consid-
ering the phase and amplitude of τst in the GLLE model
are given in Figs. 5(b) and 5(c), respectively. The remark-
able coherence between Figs. 5(c) and 5(a) reveals the fact
that dissipation is responsible for MI in microresonators
in this scenario and produces a coherent frequency comb
that leads to dark pulses. Instead, the absence of sidebands
in Fig. 5(b) is due to the fact that all modes remain in
the normal GVD regime (Appendix H). Note that only the
intracavity powers of the main cavity are shown in Figs. 3
and 5, since optical fields in the auxiliary ring are relatively
weak and effective nonlinearities occur mostly in the main
cavity (see the discussion in Appendix B).

In conclusion, we propose a simple and robust way
to realize the dispersion-suppressed mode-depletion effect
in microresonators by utilizing the simultaneous collapse
of eigenvalues and eigenvectors of coupled microring
resonators at the EP. The effectiveness of our scheme
is verified in the contexts of both linear and nonlin-
ear optical processes. With the tunable resonant fre-
quency of the lossy resonator, one can thus selectively
deplete any target resonance of the main ring resonators
(within the tuning range of the microheaters) against
the broad background comb spectra. Importantly, single-
mode-selective and dispersion-suppressed mode deple-
tion are particularly relevant for nonlinear phenomena
in high-Q microresonators. With dispersion-suppressed
mode depletion, dissipation-induced MI in normal disper-
sion microresonators is reported without suffering from
the FSR deviations observed in the bulk cavities. Dark
pulses, as well as tuning of the number of dark pulses,
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FIG. 5. Optical frequency combs with single-mode depletion in the normal dispersion regime. (a)–(c) Simulated spectra from GLLE
with τst, Arg(τst), and |τst|, respectively. Insets are the corresponding temporal waveform of the generated dark pulses. Simulation
parameters are the same as in Fig. 3 except α2 = 1.5 × 10−2 and β2 = 190 ps2/km.
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are predicted based on dissipation-induced MI. In addi-
tion, greatly improved single-soliton-generation proba-
bility in the anomalous dispersion regime is achieved
with dispersion-suppressed mode depletion instead of
dispersive-wave-induced losses for passive mode locking.
Thorough analyses of different parameters show that our
scheme is robust against various structural or operational
parameters. Our work combines studies on two frontiers,
i.e., non-Hermitian optics and Kerr microcombs, which
can potentially bring unforeseen opportunities for on-chip
nonlinear optics. By offering a degree of intracavity mode-
manipulation freedom other than dispersion engineering,
we expect a significant impact not only in optics but in
other resonant-related physical fields, such as acoustics,
atomic physics, and mechanics.
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APPENDIX A: COMPARISON OF THE
POWER-COUPLING MODEL AND THE

ENERGY-COUPLING MODEL

It is well known that coupled microring resonators can
be analyzed by the power-coupling model, i.e., the TMM,
or by the energy-coupling model, i.e., the temporal CMT
[31]. Diagrams of the energy-coupling model and power-
coupling model are sketched in Fig. 6. α1 and α2 are
the intrinsic loss per round trip of the main and auxil-
iary cavities, respectively. u1 and u2 are the field coupling

coefficient of the coupling region shown by the black
dashed boxes in Fig. 6(a).

In the energy-coupling model, for the intracavity mode
fields a1 and a2, and input field a0, the rate equations for
the coupled-resonator system can be written as

da1

dt
= (iω1 − γ1 − γc)a1 − iκa2 − i

√
2γca0, (A1a)

da2

dt
= (iω2 − γ2)a2 − iκa1. (A1b)

The intensity enhancement in the main cavity can be
expressed as

∣∣∣∣
a1

a0

∣∣∣∣

2

=
∣∣∣∣−

√
2γc[(ω −ω2)− iγ2]

[(ω − ω1)− i(γ1 + γc)][(ω − ω2)− iγ2] − κ2

∣∣∣∣

2

.

(A2)

Similarly, the corresponding intensity enhancement can
be obtained in the case of a single cavity as |a′

1/a0|2 =∣∣− (√
2γc/[(ω − ω1) − i(γ1 + γc)]

)∣∣2, where a′
1 is the

mode field in the single cavity. Therefore, the mode inten-
sity of the main cavity in the coupled structure over that of
a single cavity can be expressed as

η(ω) = a1

a′
1

= [(ω − ω2) − iγ2][(ω − ω1) − i(γ1 + γc)]
[(ω − ω1) − i(γ1 + γc)][(ω − ω2) − iγ2] − κ2 ,

(A3)

with the eigenfrequencies, ω±, given as
ω± = (1/2)i[−i(ω1 + ω2) + (γ1 + γc + γ2)] ± (1/2)
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3.75 × 10−4, u2 = 0.021, R1 = 100 μm, and R2 = 3.03 μm. Parameters used in the energy-coupling model are γ1 ≈ 271.65 MHz,
γc ≈ 42.45 MHz, γ2 ≈ 56 GHz, and κ = 27.3 GHz.
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√
4κ2 − [−i(ω1 − ω2) + (γ1 + γc − γ2)]2, η(ω) can be

simplified as

η(ω) = 1 + κ2

(ω − ω+)(ω − ω−)
, (A4)

in the regime of γc ≤ γ1 and γ1 � γ2, considering
the alignment cases, i.e., ω1 = ω2, ω± = ω1 − i(γ2/2) ±
(1/2)

√
4κ2 − γ 2

2 .
In the power-coupling model [31], the intensity

enhancement in the main cavity is

∣∣∣∣
Ei2

Ei1

∣∣∣∣

2

=
∣∣∣∣

iu1b1τst(ω)eiφ1(ω)

1 − r1b1τst(ω)eiφ1(ω)

∣∣∣∣

2

, (A5)

with the lumped filter term

τst(ω) = Et4

Ei4
= r2 − b2eiφ2(ω)

1 − b2r2eiφ2(ω)
, (A6)

where b1 = exp(−α1/2) and b2 = exp(−α2/2) are the
round-trip field-transmission coefficients of the main ring
and the auxiliary ring, respectively. r1 and r2 are the
field-transmission coefficients of the coupling regime,
which can be related to u1 and u2 by u2

i + r2
i = 1, i =

1 or 2, in the lossless coupling approximation. φi(ω) =
n(ωi/c)2πRi (i = 1, 2) is the round-trip phase accumula-
tion, where n is the effective mode refractive index and Ri
is the radius of the cavity i. As shown in Figs. 2(c)–2(e),
Eq. (A2) divided by the round-trip time of the main
cavity (i.e., |a1/a0|2/t1) agrees well with Eq. (A5) (i.e.,
|Ei2/Ei1|2) due to the difference between the units of a0
and a1. The relationships between the parameters of the
two models are listed in Table I. As described in the
main text, τst(ω) is the transmission function of the sub-
system composed of the auxiliary resonator and part of
the main resonator, as shown by the blue dashed box in
Fig. 6(a). The intensity enhancement of a single cavity
is |E′

i2/Ei1|2 = |iu1b1eiφ1(ω)/1 − r1b1eiφ1(ω)|2. E′
i2 denotes

the intracavity light field in the single-cavity case. By com-
paring the intensity enhancement of a single cavity and

Eq. (A6), it is easy to see that τst(ω) is equivalent to a
lumped filter inserted into the main cavity. Therefore, η(ω)

derived from the TMM can be written as

η(ω) = Ei2

E′
i2

=
[

1 − b1r1eiφ1

1 − b1r1τst(ω)eiφ1
τst(ω)

]2

. (A7)

Figure 6(b) shows the consistency of two models, i.e.,
Eqs. (A7) and (2) in the main text [or Eq. (A4)]. A perfect
match is observed around the target resonance, i.e., relative
frequency equals zero when two cavities are aligned. The
relative frequency is defined as relative frequency ω − ω1.
Discrepancies at neighboring resonances are due to the fact
that the energy-coupling model is only valid in the vicinity
of the target resonance [22].

APPENDIX B: VERIFICATION OF THE GLLE
MODEL

The GLLE [12] is used to simulate the generation of
DKSs in both normal and anomalous GVD regimes in the
main text:

t1
∂E
∂t

=
[

−α1 + u2
1

2
− iδ − iL1

∑

l≥2

βl

l!

(
i

∂

∂τ

)l

+ i	L1|E|2
]

E + u1Ein + h(τ )∗E, (B1)

where E and Ein are the envelopes of the intracavity fields
of the main cavity and input pump field; δ is the pump
phase detuning of the main cavity; βl and 	 are the dis-
persion and nonlinear parameters, respectively, and only
the second-order dispersion β2 is considered; h(τ ) is the
inverse Fourier transform of the filter function τst(ω).

To verify the GLLE model, we compare the results from
Eq. (B1) with the full-map coupled nonlinear Schrödinger

TABLE I. Relationships between the parameters of the power-coupling model and the energy-coupling model.

Power-coupling model Energy-coupling model Conversion or relationship

Field-coupling coefficient between waveguide and
main ring

u1 Coupling-induced energy decay rate γc γc = u2
1

2t1

Field-coupling coefficient between two rings u2 Energy-coupling rate κ u2 = κ
√

t1t2
Field-transmission coefficient of coupling region ri – – u2

i + r2
i = 1

Round-trip field-transmission coefficient bi Intrinsic energy decay rate of cavity i γi bi = e−γiti

Intrinsic loss per round trip αi αi = 2γiti
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equations [40]:

∂A1

∂z
=

[
−αs

i1 − iδs
1 − �k′s ∂

∂τ
− i

k′′s
1

2
∂2

∂τ 2 + i	s
1|A1|2

]
A1

+
+∞∑

n=−∞
δ(z − nL)[iu1Ain − (1 − r1)A1]

+
+∞∑

n=−∞
δ

(
z − nL − L

2

)
[iu2A2 − (1 − r2)A1],

(B2a)

∂A2

∂z
=

[
−αi2 − iδ2 − i

k′′
2

2
∂2

∂τ 2 + i	2|A2|2
]

A2

+
+∞∑

n=−∞
δ

(
z − nL − L

2

)
[iu2A1 − (1 − r2)A2],

(B2b)

where Ain, A1, and A2 are the complex field amplitudes
of the pump, the main cavity, and the auxiliary cavity,
respectively; z is the propagation distance in the cavities.
Subscripts 1 and 2 represent the main cavity and the aux-
iliary cavity, respectively, and superscript “s” represents
the correspondingly scaled parameters between the main
and auxiliary cavity. αs

i1 = (α1/2L1)(L1/L2) and αi2 =
α2/2L2 are the intrinsic amplitude losses per unit length;
δs

1 = (m12π − ks
1L2)/L2 and δ2 = (m22π − k2L2)/L2 are

the phase detuning per unit length; m1,2 are the mode num-
bers of the cavity modes that are pumped; k1,2 are the wave
vectors with ks

1 = k1(L1/L2); k′
1,2 = dk1,2/dω|ω=ωp are the

reciprocals of the group velocities at the pump angular
frequency (ωp) and �k′s = k′

1(L1/L2) − k′
2 is the group-

velocity mismatch; k′′s
1 = β2(L1/L2) and k′′

2 = β2 are the

group-velocity dispersions; 	s
1 = 	(L1/L2) and 	2 = 	

are nonlinear parameters; δ(·) is the Dirac function; L =
L2. The linear performance of this full-map model can
be compared with the TMM by setting the nonlinear
parameter to zero. The transmission spectrum and intensity
enhancements in the main cavity derived by the full-map
model agree well with that of the TMM, as shown in Fig. 7.

Figures 8(a)–8(f) show the results obtained from
Eqs. (B2) and (B1) under different L1/L2. The single-
soliton state obtained by the two models agrees well in all
cases. The periodic depletion features on the comb spec-
tra are simply due to the fact that L1 divided by L2 is an
integer.

Figure 9 illustrates the power distributions in the auxil-
iary cavity, including the temporal waveforms [Figs. 9(a)
and 9(d)], spectra [Figs. 9(b) and 9(e)], and the normalized
power traces as a function of the scanning time [Figs. 9(c)
and 9(f)], in cases of the anomalous and normal GVD
regimes. This reveals that the power distribution in the aux-
iliary ring (blue lines) is much less than that in the main
ring (red lines), and no soliton exists in the auxiliary cav-
ity. Unlike the coupled photonic dimer with an identical
radius [34], in this study, the radiation decay of the aux-
iliary cavity is much larger than the main cavity. So the
intensity is smaller, and the nonlinearity is weaker in the
auxiliary cavity.

APPENDIX C: TUNABLE OPTICAL FREQUENCY
COMBS WITH DISPERSION-SUPPRESSED MODE

DEPLETION

Figure 10 shows the Kerr optical frequency combs gen-
erated with tunable mode depletion. Figures 10(a)–10(c)
show that the situations when the dispersion-suppressed

1540 1542 1544 1546 1548 1550
 (nm)

–40

–20

0

20

In
te

ns
tiy

 e
nh

an
ce

m
en

ts
 (d

B) Full map
TMM

1540 1542 1544 1546 1548 1550
 (nm)

–3.0

–2.5

–2.0

–1.5

–1.0

–0.5

0.0

T 
(d

B)

Full map
TMM

(a) (b)

FIG. 7. Consistency of full map and TMM. (a) Transmission spectrum of the coupled microring resonators. Blue line is the result
of the full-map model, and red dashed line is calculated by the TMM. (b) Intensity enhancements of the main cavity of the coupled
microring resonators. Blue line and red dashed line are calculated by the full-map model and TMM, respectively. Parameters of the
structure are the same as those in Fig. 4.

034028-8



DISPERSION-SUPPRESSED MODE DEPLETION. . . PHYS. REV. APPLIED 18, 034028 (2022)

Po
w

er
 (2

0 
dB

/d
iv

)
Po

w
er

 (2
0 

dB
/d

iv
)

–20 0 20 –20 0 20 –20 0 20 –20 0 20

–2 0 2
Intracavity time (ps)

P
ow

er
(1

0 
dB

/d
iv

)

–2 0 2
Intracavity time (ps)

P
ow

er
(1

0 
dB

/d
iv

)

–2 0 2
Intracavity time (ps)

P
ow

er
(2

0 
dB

/d
iv

)

–2 0 2
Intracavity time (ps)

P
ow

er
(2

0 
dB

/d
iv

)

–2 0 2
Intracavity time (ps)

P
ow

er
(1

0 
dB

/d
iv

)

–2 0 2
Intracavity time (ps)

P
ow

er
(1

0 
dB

/d
iv

)

–2 0 2
Intracavity time (ps)

P
ow

er
(2

0 
dB

/d
iv

)

–2 0 2
Intracavity time (ps)

P
ow

er
(2

0 
dB

/d
iv

)

Relative mode number μ

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 8. Optical spectra as well as the temporal waveform of the single-soliton state using full map (a)–(d) or GLLE (e)–(h) model.
L1/L2 = 10, 20, 30, and 40 are used in (a),(e); (b),(f); (c),(g); and (d),(h), respectively. Parameters used for both models are the same:
t1 = 4.4 ps, L1 = 628 μm, α1 = 2.4 × 10−3, α2 = 5 × 10−2, u1 =

√
3.75 × 10−4, u2 = 0.049, β2 = −81 ps2/km, 	 = 1(W m)−1,

and |Ein|2 = 0.42 W. δ scans linearly starting from −0.0041 at a sweep rate of 7.55 × 10−7 per round trip.

mode depletion brought by τst(ω) are tuned to the
third, fourth, and fifth modes compared to the pump
mode, respectively. For the main microresonator, which
is operated in the anomalous GVD regime, as shown
in Figs. 10(a)-i2–10(c)-i2, it is evident that relative
modes μ = 3, 4, and 5 suffer from significant deple-
tion due to the dispersion-suppressed mode-depletion

effect. Meanwhile, the intracavity solitons in Figs. 10(a)-
i1–10(c)-i1 also generate an oscillating tail with period-
icity in accordance with the relative mode index [41].
For the main microresonator in the normal GVD regime,
the generated frequency combs are shown in Figs. 10(a)-
ii2–10(c)-ii2, with comb spacing equal to 3, 4, and 5
times the FSR of the main cavity, respectively. In the
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FIG. 9. Comparison of the power distribution in the main ring and auxiliary ring; in the case of the resonant mode, μ = 3 of the main
ring is aligned with the auxiliary ring, under the conditions of (a)–(c) the anomalous dispersion regime and (d)–(f) the normal dispersion
regime; (a),(d); (b),(e); and (c),(f) show the temporal waveform, optical spectra, and the normalized power trace when scanning the
laser to introduce solitons in both the main (red) and auxiliary (blue) cavities, respectively. Parameters used in (a)–(c),(b)–(d) are
identical to those of Figs. 4 and 5, respectively.
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FIG. 10. Tunability of optical frequency comb. (a)–(c) Depleted mode is tuned to the third, fourth, and fifth mode corresponding to
the pump mode, respectively. Blue line is the transmission spectrum of the single main cavity without the coupled auxiliary cavity, and
the red line is |τst(ω)|2. (a)–(c)i1 and (a)–(c)i2 are the simulated temporal soliton and the corresponding spectrum in anomalous disper-
sion. (a)–(c)ii1 and (a)–(c)ii2 are the simulated temporal waveform and the corresponding spectrum in normal dispersion. Parameters
used are the same as Fig. 4 in anomalous dispersion and Fig. 5 in normal dispersion.

meantime, the corresponding temporal waveforms are
shown in Figs. 10(a)-ii1–10(c)-ii1, respectively, with three,
four, and five dark pulses generated within one round-trip
time. In brief, the mode that gets depleted can be tuned so
that the frequency combs generated in the anomalous or
normal dispersion regions can be tuned by adjusting the
depleted mode.

APPENDIX D: GENERATION OF
OCTAVE-SPANNING FREQUENCY COMBS

Optical solitons can emit Cherenkov radiation in the
presence of higher-order dispersion. This process allows
a substantial increase in the spectral bandwidth of pulsed
laser sources and even the generation of octave-spanning
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FIG. 11. Spectra of optical frequency comb of single soliton (solid red line) and local dispersion (blue dotted line) in the main cavity
considering dispersion up to the third- (a) and fourth- (b) order dispersions. Left axis corresponds to local dispersion (blue dotted line),
and the right axis corresponds to the power of the spectra (solid red line). (c),(d) 100 overlaid normalized power traces obtained without
and with single-mode depletion considering the third-order dispersion. Simulation parameters are tR1 = 4.4 ps, L1 = 628 μm, α1 =
9 × 10−3, α2 = 2 × 10−2, u1 =

√
9 × 10−3, u2 = 0.042, β2 = −20 ps2/km, β3 = −0.129 ps3/km, β4 = 2.18 × 10−3 ps4/km, 	 =

1(W m)−1, and |Ein|2 = 1.11 W. δ scans linearly starting from −0.0045 at the sweep rate of 9 × 10−7 per round-trip. The circumference
ratio of the main cavity and the auxiliary cavity is 55.
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frequency combs [42]. Regarding the discussion in the
main text, only the second-order dispersion is consid-
ered. In this appendix, the impact of higher-order disper-
sion is considered, including third or even fourth order,
which shows the potential of our scheme in the gener-
ation of broadband frequency combs or octave-spanning
frequency combs. Figure 11 illustrates the envelope of
optical frequency combs (solid red line) with mode deple-
tion, and local dispersion of the main cavity when the
third-order dispersion [Fig. 11(a)] and even the fourth-
order dispersion [Fig. 11(b)] are taken into account. Fig-
ures 11(c) and 11(d) show 100 overlaid normalized power
traces obtained in the case of a single main cavity and
our PT-symmetry structure, respectively, with the same
pump scanning rate. Third-order dispersion is considered
in this case. It is clear that the probability of single-
soliton generation in the situation of the octave-spanning
frequency-comb generation can be boosted, with the exis-
tence period of the single-soliton step being significantly
extended.

APPENDIX E: GREATLY IMPROVED
SINGLE-SOLITON GENERATION

The impact of the pump detuning rate, the loss of the
auxiliary cavity, coupling, and misalignment between two
cavities on the probability of single-soliton formation is
given in Fig. 12. Figures 12(a) and 12(b) show diagrams
of the probability of single-soliton generation without and
with single-mode depletion as a function of pump detun-
ing and unidirectional pump scanning rate, respectively.
It can be seen that, without dispersion-suppressed mode
depletion, the single-soliton-generation probability does
not have a significant improvement, no matter what the
scanning rate is. However, single-soliton formation is sig-
nificantly facilitated at a wide range of pump scanning
rates with the help of mode depletion. Figures 12(c)–12(e)
show the impact of single-soliton-generation probability
as a function of the auxiliary cavity loss, α2; coupling
coefficient, u2 (between two cavities); and detuning (or
misalignment) between the two cavities. It can be seen
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that single-soliton generation with high probability shows
great robustness against various parameters. In particu-
lar, improvement of soliton generation occurs even with

a large misalignment between the two cavities, indicating
the role of dispersion-induced single-soliton generation in
the misaligned case [33].
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parameters of Fig. 5. (b)–(d) Intracavity spectra with input pump power at 0.11, 0.19, and 0.28 W, respectively.
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APPENDIX F: THE IMPACT OF THE
PERIODICITY OF τ st(ω)

When the radius of the auxiliary cavity is approximately
infinite, it can be regarded as an absolute single-mode
depletion. However, in the actual situation, single-mode
depletion is valid over a specific bandwidth due to the
physical limitations in decreasing the radius of the auxil-
iary cavity. Therefore, τst(ω) related to the auxiliary cavity
is periodic. Figure 13(a) shows τst(ω) with a period of 10
FSR (FSR in the main cavity). As a result, the dispersion-
suppressed mode depletion occurs every ten modes of the
main resonances.

APPENDIX G: THRESHOLD ANALYSIS OF THE
MODULATION INSTABILITY IN THE NORMAL

GVD REGIME

The intracavity power (all comb lines except the pump
line are considered) as a function of the pump power and
pump detuning under the parameters of Fig. 5 is given
in Fig. 14(a). The intracavity spectra with pump powers
of 0.11, 0.19, and 0.28 W are given in Figs. 14(b)–14(d),
respectively. It can be seen that the input pump threshold
is about 0.11 W to generate the MI state.

APPENDIX H: LOCAL DISPERSION OF THE
SITUATION DISCUSSED IN Fig. 5

The local dispersion is defined as Dint(μ) = ωμ − ω0 −
D1μ, where D1 and μ correspond to the FSR of the main
cavity and the relative mode index of the main cavity with
respect to ω0, respectively [36]. ω0 is the central pump fre-
quency with μ = 0, and ωμ represents the frequency over
the relative mode index, μ, of the main cavity. Figure 15
shows the local dispersion of the situation discussed in
Fig. 5. It is evident that all modes remain in the normal
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FIG. 15. Local dispersion of the situation discussed in Fig. 5.

GVD regime. In this case, the MI state cannot be intro-
duced, resulting in the absence of the sideband shown in
Fig. 5(b).
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