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Neural networks based on machine learning can interpolate well within the training dataset, but their
ability to extrapolate is severely limited by fundamental issues such as the bias-variance trade-off. Here
we introduce the concept of an operator parameter space consisting of physical entities encoded with
Maxwell’s equations to improve the networks’ capability to generalize beyond their training set. We
illustrate the idea with photonic crystals, and show that the network trained with operator parameters
yields remarkably accurate predictions of the topological transitions both within and beyond the training
physical space. Such concepts can be generalized to higher-dimensional wave structures by choosing the

appropriate operator parameters.
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I. INTRODUCTION

Neural network (NN) based machine learning (ML),
benefitting from the development of statistical physics as
well as recent advances in big data and computer science,
has far-reaching implications and applications in various
branches of physics [1-6]. Notably, NN is not only use-
ful in exploring the known data without knowledge of
underlying laws but also has relevant roles in presenting
the physical laws or inverse-design macroscopic prob-
lems across broad branches in physics, including optics
and condensed-matter physics [7—15]. As for supervised
learning, the generalization ability (i.e., interpolation and
extrapolation) is rather fundamental yet desirable in ML.
The ability to extrapolate is highly desirable for many
applications, in particular the discovery of alternative
materials and inverse design.

The fundamental challenge of achieving extrapolation in
supervised learning is the bias-variance trade-off between
model complexity and training dataset size [16], where
the extrapolation region contains zero training-data points.
The bias represents the intrinsic error for a given model and
can be reduced by the increased model complexity, while
the variance is the error caused by sampling noises and
can be alleviated with simpler models and larger amounts
of the training data. Therefore, for a given problem with
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a finite number of training data, the prediction capabil-
ity of a NN is determined by the model complexity that
balances the bias and variance, and thus begs for an opti-
mal model to get the best prediction ability. With a limited
number of input data carrying simple input information,
even a model that optimizes the bias-variance trade-off
does not carry sufficient information to capture the com-
plexity of a physical problem. To mitigate this problem, we
can increase the information content of the input dataset so
that the complexity of the input dataset matches the com-
plexity of the physical problem at hand. In this regard, the
best-possible model may be the one that carries parameters
that have physical meanings. A few attempts of predicting
physical quantities beyond the training dataset have been
made in the context of condensed-matter physics by using
explicit Hamiltonians, with emphasis on the classifications
of the topological order or phase transitions [17-26]. These
studies focused mainly on discrete systems with a finite
number of bands by using simplified tight-binding models,
and thus may not be applicable for realistic physical sys-
tems where the tight-binding approximation is inadequate
or the explicit Hamiltonians may not be obtained easily.
More importantly, the underlying principle that leads to
the successful extrapolation based on a Hamiltonian is not
clarified from the perspective of the model complexity and
the finite data volume.

In this paper, we introduce the concept of an operator
parameter space and a physics-adapted NN to enrich the
complexity of the input training data, which significantly
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improve the prediction capability of a NN, especially
the extrapolation capability. We demonstrate in one-
dimensional (1D) photonic crystals (PCs) that within the
scheme of supervised learning the physics-adapted NN
trained in the operator parameter space is able to pre-
dict the topological invariant of photonic bands with an
accuracy rate 99.72% for the training dataset and 97.32%
for the test dataset. Our method can predict topological
phase transitions of 1D PCs with relative prediction errors
below 0.5% for geometric configurations that lie outside
the physical parameter space of training dataset. More-
over, more-sophisticated physics-adapted NNs can detect
the boundaries of the topological transition in the physi-
cal parameter space, where a portion of the trained data
near that boundary is excluded purposely. All these show
that with the operator parameter space and physics-adapted
NN, the connection between training and test datasets,
which have different physical parameters but obey the
same physical equations, is restored by the underlying
physical laws embedded in the operator parameters.

II. OPERATOR PARAMETER SPACE AND
PHYSICS-ADAPTED NEURAL NETWORK

We illustrate the idea of operator parameters through
the example of learning the topological invariants of pho-
tonic bands. The PC considered is shown at the top left
of Fig. 1(a) with its unit cell marked by a dashed yellow

box, where ¢,(g;) and d,(d,) are the dielectric constant
and thickness of layer a (layer b), A =d, + dp is the
lattice constant. The physical parameters (e, €5, d,,dp)
have three degrees of freedom and constitute the physi-
cal parameter space of PCs, as shown at the bottom left
of Fig. 1(a). To avoid the band crossing and a small band
gap, two constraints on the range of the parameter space
are imposed: &, > ¢, + 0.5 and 0.1 <d,/A <0.9. We
divide the space into four nonoverlapping sectors labelled
as “Train-1 (Train-2),” “Test-1,” “Test-2,” and “Test-3”
datasets for later use (see details in Supplemental Mate-
rial, Sec. I [27]). The dataset Train-i is for training the NN
and the dataset Test-i is for testing the well-trained NN.
The right panel in Fig. 1(a) shows the dispersion of the
lowest four bands calculated by the transfer-matrix method
(TMM) [28,29]. The geometric Zak phase [30] of each
band is either 0 or m, which corresponds to a winding
number of 0 or 1 due to inversion symmetry. For training
purposes, the four-binary-number labeling of the winding
numbers of the lowest four bands is translated into a dec-
imal integer; for example, 1011 in Fig. 1(a) to 11 for the
one-hot labeling of the output.

As shown in the middle of Fig. 1(a), we first use the
physical parameters together with the calculated labels to
train the fully connected NN (FNN), which works rea-
sonably well inside the domain of the training dataset
and fails completely beyond the training-data range (see
results in Sec. II in Supplemental Material [27]). The
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FIG. 1.

(a) Workflow of the NN to predict the topological invariants (right panel) of PCs (left panel). The FNN is trained with the

physical parameters (¢,, €p,d,,dp), while the CNN is trained by the operator parameters that are encoded with a physical law based
on the physical parameter space. (b) The CNN with two CLs and two FLs.
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poor extrapolation indicates that the FNN trained by the
physical parameters with a limited volume of data (10 800
samples) does not match the complexity of the given
problem; namely, the band topology here. To solve the
aforementioned problem, we encode the governing physi-
cal laws into the physical parameters, coined the “operator
parameters.” We use a physics-adapted NN to achieve
the augmented prediction capability of the NN, as shown
in the middle of Fig. 1(a). The problem considered con-
cerns the band topology, and thus a straightforward choice
of the operator parameters is a set of k-parameterized
Bloch Hamiltonians based on the physical parameters of
PCs encoded with the structure of Maxwell’s equations
in momentum space. Here we use the plane-wave method
(PWM) [31,32] to generate the operator parameter space
as the input training data, which includes all the informa-
tion on the PCs, that is, physical parameters (g,, &5, d4, dp),
as well as the inner structure dictated by Maxwell’s equa-
tions. In the following, we give the concrete form of the
Hamiltonian of the PCs generated by the PWM.

In 1D PCs with the dielectric function as £(x) as shown
in the left of Fig. 1(a), the band properties can be obtained
by solving the wave equation. Because of the periodic-
ity of the material, that is, e(x + A) = &(x), ¢ '(x) is
also periodic and can be expanded in a Fourier series:
el (x) =31, amexpliQum/A)x], where {a,) are
the Fourier coefficients and m = 0, 1, ..., +my. With
Bloch’s theorem, the magnetic field of the eigenmodes
in the 1D crystal can be expressed by H(x) = Hy (x) =
v, (x)exp(ikyx), where vi, is the periodic Bloch wave
function and satisfies the relationship vy, (x + A) = vy, (x)
with one fixed-wave Bloch & vector k., and n;, = 11 is the
number of the discrete sampled Bloch k& vectors within the
Brillouin zone. The magnetic field can also be described
as H(x) = ’;:_p v, expli(k, + (2mn/A))x] on the basis
of the plane-wave expansion, where n = 0, £1, ..., +p,
and my = 2p + 1 is the number of truncated plane waves.
Substituting the Fourier expansions of ¢~!(x) and H(x)
into the wave equation, we obtain the following eigenvalue
equations for {v,}:

U_p 'U_p
V—p+1 5 | V—p+l
HmemH = ? : ) (1)
Up—1 Up—1
Up Up

where h; is the matrix element of the Hamilto-
nian Hyyxmy, and hy = a;_jlke + 210 (—p + 1)/ A]lkc +
2w (—p +j)/A]. The Zak phases of the isolated bands can
be calculated by the fields on the basis of the PWM. In our
work, we truncate the number of plane waves my = 61
to balance the numerical errors between the PWM and
the TMM (see details in Sec. III in Supplemental Mate-
rial [27]) as well as the size of the NN input. Thus, by

encoding with the physical law, the Hamiltonian repre-
sented by a rank-4 tensor [ng,my, my,2] is the operator
parameters of one PC, and the last dimension, 2, repre-
sents the real and imaginary parts of the Hamiltonian. In
such an operator parameter space, classifying topological
invariants of photonic bands is equivalent to the image
classification of Hamiltonian patterns, in which the con-
volutional NN (CNN) can be used to capture both local
and global features of the k-space “image.” As a simple
example shown in Fig. 1(b), we consider a CNN work-
flow containing two convolutional layers (CLs) and two
fully connected layer (FLs). The two CLs contain N¢; and
Nc; kernels of size 2, 3, 3], as well as a max-pooling oper-
ation with size [1,2,2], and the two FLs have Ng; and
Ng neurons, with Np; = 16 meaning the output layer has
16 neurons. The input is the Hamiltonian generated by
the PWM represented as a rank-4 tensor [ny, my, my, 2].
The one-hot encoding output is a rank-1 tensor with shape
[16], which has one-to-one correspondence to the binary
labelling. For instance, 11 means that only the 12th neuron
of the output is 1, while the other neurons are 0. The loss
function to evaluate whether the network has been trained
well is the cross entropy between the output of the CNN
and the labeling. In principle, more layers could be used to
train the network to obtain better performance.

Once the CNN is set up, the Hamiltonians of PCs and
the four-band-Zak-phase labeling obtained by the TMM
within two different training datasets, Train-1 and Train-
2, are fed into this supervised network. As an example,
Fig. 2(a) shows the distribution of the labelling in one
training dataset, Train-1, plotted as functions of d, and ¢,
for the g, = 2 plane within the Train-1 dataset. The six
colors of the solid circles represent the six labels defined
in Fig. 2, corresponding to the following six cases 1-0001,
5-0101, 7-0111, 9-1001, 11-1011, 15-1111. Each case has
600 randomly distributed samples within one fixed ¢,
plane and there are three planes (g, = 1,2,3) within the
Train-1 dataset, leading to 10800 (600 x 6 x 3) samples
in total. The five solid lines depict the boundaries sep-
arating different labels determined by the TMM, labeled
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FIG. 2. Distribution of different topological phase sequences
of samples in the ¢, = 2 plane within (a) the Train-1 dataset and
(b) the Train-2 dataset with » = 0.5.
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as Ty to Ts. These lines perfectly match the borders of
the six different colors calculated with the PWM, show-
ing that the TMM and the PWM give consistent results
for winding numbers for the lowest four bands. To exam-
ine the capability and possibility of our proposed CNN,
we conceive a different training dataset; that is, the Train-
2 dataset, which is identical to the Train-1 dataset except
that a portion of samples in the neighborhood of the T3
line (dashed black line) is omitted purposely as shown in
Fig. 2(b). The fraction of the omitted data in Fig. 2(b)
is ¥ = 0.5, which is defined as the width of rd; of the
omitted data divided by the difference of d, at 7, and
Ty (dy) for any g,. For self-testing purposes, each train-
ing dataset is separated into two subsets, 70% for training
and 30% for testing. We follow the standard routine of
supervised learning to train the network [33-35]; that is,
running the learning and testing procedure simultaneously
and iteratively until the desired accuracy is fulfilled, which
can be saved and used to predict topological transitions
with parameters outside the training dataset (i.e., the three
test datasets).

II1. PREDICTING TOPOLOGICAL TRANSITIONS
BEYOND TRAINING DATASETS

Firstly, we use the Train-1 dataset to train the net-
work, which consists of three CLs with [N¢y, Nz, Nc3] =
[10, 20, 20], and three FLs with [N]:l,sz,Npg,] = [300,
100, 16]. The trained network is used to predict the bound-
aries of the parameter space [for examples, see the black
lines 71 — Ts in Fig. 2(a)], where the topological transi-
tion occurs. The well-trained CNN is able to predict the
topological invariants of the PCs in all datasets with an
accuracy of 99.72% for the training dataset and 97.32%
for the test datasets. Figure 3(a) by the purple back-
ground shows the physical parameter range for the g, = 2

(a) €p=2 in Train-1 and Test-1 (D) Ey
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0.1 T T T T =5
2 3 4 5
T
FIG. 3. (a) The transition lines in the &, = 2 plane calculated

by the well-trained CNN (circles) and the TMM (solid lines).
The purple and yellow backgrounds show the physical parameter
ranges of Train-1 and Test-1, respectively. (b) The relative errors
E, between the CNN predictions and the TMM results for the
training dataset and three test datasets.

plane within the Train-1 dataset, which has six topological
labels, 1-0001, 5-0101, 7-0111, 9-1001, 11-1011, and 15-
1111, and five topological transition boundaries, 77 — T,
determined by the TMM. To examine the ability of the
trained network, we use the CNN to predict the boundaries
T, — Ts as follows. We scan d, for fixed (g, £,) and take
the mean value of two adjacent d, with different Zak-phase
prediction, labeling the predicted transition point as denn.
To avoid numerical instability, we repeat such calculations
10 times and take the mean value denn as the predicted
results and the standard deviation as the prediction error.
The topological transition points within the Train-1 dataset
predicted by the well-trained CNN in the ¢, = 2 plane
are shown by open circles (&,,dcny) With error bars in
Fig. 3(a). The size of the open circles can cover the error
bar, indicating that the predicted results obtained with the
well-trained CNN are stable. For comparison, the topolog-
ical transition lines calculated by the TMM in the g, = 2
plane are plotted by solid lines in Fig. 3(a). The excel-
lent agreement shows the well-trained CNN can reproduce
the five topological phase transitions within the training
dataset.

We then examine the extrapolation ability of the trained
network by predicting 77 — 75 beyond the training range
of the physical parameter space. If the trained CNN can
predict four-band-Zak-phase labeling and associated phase
transitions in all test datasets, Test-1, Test-2, and Test-
3, then we are extrapolating to parameter values outside
the physical parameter space (&,, &p,d,) of the training
dataset. Figure 3(a) by the yellow background shows a
comparison of the predicted transition lines (open circles)
and the TMM results (solid lines) within the Test-1 dataset.
The detailed comparison results of all test datasets are
depicted in Fig. S5 in Supplementary Material [27], which
shows prediction accuracy comparable to that in Fig. 3(a).
To quantify the prediction accuracy of our network, we
define the relative prediction error of the topological tran-
sitions of our network with reference to the T12\4M results
as E, = (1/N) YL [|(dexs — drvm) | /dmau]*, where N
is the total number of data points in each phase-transition
surface 7;. denn (drvm) corresponds to the topological
transition critical point calculated by the CNN (TMM).
In Fig. 3(b), the relative errors for the Train-1, Test-1,
Test-2, and Test-3 datasets as a function of five transition
surfaces are plotted by squares, circles, inverted triangles,
and upright triangles, respectively. The overall prediction
errors are less than 0.5%, indicating high predication accu-
racy and stability of the trained CNN in the training and
test datasets. Evidently, the predication in the test datasets
Test-1, Test-2, and Test-3 is not a simple interpolation
based on the topological invariants within the Train-1
dataset because the physical parameter spaces of these
test datasets are beyond the training data. The remark-
able agreement between the TMM and the CNN results
reveals that our network indeed decodes the characteristics
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of Maxwell’s equations encoded in the Hamiltonians and
captures the essence of topological properties of photonic
bands of different PCs.

IV. PREDICTION OF UNCERTAIN TRANSITIONS

We now examine whether the CNN can predict the
uncertain topological transitions in the physical parameter
space, and thus we conceive the Train-2 dataset defined in
Fig. 2(b), which is identical to the Train-1 dataset except
that a portion of samples in the neighborhood of the T3
line (dashed black line) is omitted purposely, as shown
by the white area in Fig. 2(b). The fraction of the omit-
ted data in Fig. 4(a) is controlled by the parameter » = 0.2
as illustrated by the white region.

0.9
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0.7~ [COOOCOCNN| & —2—» o
U\Q\H Q\N*H
< 0.5 P _ .
=
03'9\9\9\6\8\6 _®\9\—9\e\@‘@
ol F = ; . .
3 5 7 9 5 7 9
ga ga
(c) Epwithr=02 (d) Eof 7, R
-2 E 5
& |
50
= —g-Train-2
i --o- Test-1
Test-2
-I-A- qut-3 -A- Test-3

02 03 04 05

1 2 3 4 5 0 0.1
T 7
0.9
(e) (f)
o7 —e\e\e\e\e\e -
&—e—o6—6—9o o
<05 ‘9\9\9\9\9\@ |e—e—6—6—¢ ¢
~5 M 6—6—8-—98 g g

FIG. 4. (a),(b)The topological-phase-transition lines for (a)
&, = 2 in the Train-2 dataset with » = 0.2 and (b) ¢, = 4 in the
Test-2 dataset predicted by the CNN (trained by Train-2) are
shown by open circles with error bars. (c),(d) The relative error
E, for (c) all transitions and (d) T3 as a function of the fraction 7.
(e),(f) The topological-phase-transition lines for (e) &, = 2 in the
training dataset and (f) &, = 4 in Test-3 dataset predicted by the
CNN (trained by Train-2 with » = 0.3 and random disturbance
on the boundary) are shown by open circles with error bars. All
the solid lines in (a),(b),(e),(f) are calculated by the TMM.

The architecture of the CNN used here is similar to but
slightly more complex than the one trained by Train-1, and
it contains three CLs with [N¢, Nca, N3] = [24, 32, 48]
and three FLs with [Ngi, Nz, Np3] = [500,300, 16]. We
train this CNN by the Train-2 dataset with » = 0.2 and
apply it to the four datasets. Figure 4(a) displays the
phase-transition lines 7; — T predicted by the CNN (open
circles) and calculated by the TMM (solid lines) in the
&p = 2 plane within the Train-2 dataset, and Fig. 4(b)
depicts the results in the g, = 4 plane within the Test-2
dataset. Remarkably, the transition lines predicted by our
network agree well with the TMM results, especially the
accurate predication of the 73 transition line, highlighting
the extrapolation capability of our network. It can also be
seen that the predicted results have a better performance
on Ty, T, Ty, and Ts than on T3 due to the missing data
near the 73 line in the Train-2 dataset (see Fig. S8 in Sup-
plemental Materials [30]). Like Fig. 3(b), Fig. 4(c) shows
the relative errors E, of the phase-transition surfaces cal-
culated by the CNN trained by the Train-2 dataset with
r=0.2. E, at T3 is indeed the largest due to the omitted
data near 73. Nevertheless, the CNN trained by the Train-2
dataset also works with the overall E, smaller than 0.2%.
For comparison, we also use a FNN for the same task, and
the FNN works well in the parameter space of the train-
ing dataset, but the predicted results beyond the training
dataset deviate greatly from the TMM results, indicating
the FNN trained by physical parameters has poor extrap-
olation ability (see Supplemental Material, Sec. II, for
details [27]). The failure of the FNN in extrapolation fur-
ther confirms the fact that a NN trained by the limited
data is hard to really match the problem even with good
performance in the training range.

To further verify the extrapolation ability of our method,
we first calculate the relative error of the 73 transition
surface shown in Fig. 4(d) as the fraction » of the omit-
ted training data varies. As expected, the training error is
relatively small for a small value of ». However, the rela-
tive error of the overall predicted transition surface for the
same CNN architecture increases with », and the extrapola-
tion capability is compromised since more data are omitted
(see the detailed error analysis in Sec. [V b in Supplemen-
tal Material [27]). Secondly, we add random perturbations
to the boundary of the omitted data area of the Train-2
dataset with » = 0.3 (called “Train-3), as shown by the
edge of the white area in Fig. 4(e). We then train the CNN
with the Train-3 dataset, and Figs. 4(e) and 4(f) show the
topological-phase-transition lines predicted by this trained
CNN (open circles) and calculated by the TMM (solid
lines) in the ¢, = 2 plane within the training dataset and
in the &, = 4 plane within the Test-3 dataset. We also see
that the predicted transition lines 7 — 75 obtained with
our network trained by Train-3 agree well with the TMM
results, indicating our network is robust and stable, even
though there are complex disturbances.
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V. DISCUSSION AND CONCLUSION

The extrapolation capability demonstrated in Figs. 3
and 4 highlights the advantage of using the operator param-
eter space, which encodes physical parameters with the
Fourier-transformed Maxwell’s equations. Such an abil-
ity is not achievable with a FNN trained directly from
physical parameters. While our demonstration is focused
on the lowest four bands with the help of the PWM, our
approach is neither limited to the lowest bands nor tied
to the basis used. The extension to complex systems is
straightforward, and higher predication accuracy is achiev-
able by optimizing the modal basis and the complexity of
the NN. For example, cylindrical waves or vector spheri-
cal waves are more-efficient operator parameters for two-
dimensional cylinders or three-dimensional spheres than
plane waves. However, because of the supervised-learning
framework, our method can predict the topological invari-
ants known in the training dataset for a wider range in the
physical parameter space, but cannot recognize new pat-
terns that are not given in the training dataset. In other
words, we realize the extrapolation of known topological
invariants in the physical parameter space rather than the
recognition of k-space patterns representing new topologi-
cal invariants (see more details in Sec. V in Supplemental
Material [30]).

As a concluding remark, the physics-adapted NN
together with the operator parameters provides an alterna-
tive solution to deal with realistic photonic structures and
paves the way toward the intelligent design of photonic
devices. In broader scenarios, the underlying principle
of achieving a greater prediction capability or extrapo-
lation for limited training data is to increase the data
complexity to match the optimal network model, which
should be matched to the target problem itself too. Such
augmented prediction capability is particularly useful in
condensed-matter physics, optics, and many other inverse-
design problems, where the governing laws at the micro-
scopic level are known yet the macroscopic behaviors are
untrackable.
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