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Resonances in the form of quasinormal modes (QNMs) for open scattering systems can be generally identified
in the far field through peaks of scattering spectra (e.g. cross sections of scattering, extinction, and absorption).
Nevertheless, when the resonant frequencies of different QNMs are spectrally overlapped or sufficiently close,
the scattering peaks merge and it then becomes extremely challenging to reveal the mode constituents underlying
the scattering spectra solely in the far field. Here in this paper, we study open systems scattering electromagnetic
plane waves, and reveal that spectrally close or even overlapped QNMs can be selectively excited through
tuning incident directions and polarizations. Such a far-field technique can be further applied to categorize the
nature of degenerate QNMs sharing identical complex eigenfrequencies (coalescent eigenvalues): at effectively
Hermitian degeneracies (conical or Dirac points), the eigenvectors are not coalescent and thus the QNMs
can still be selectively excited, producing distinct scattering patterns, while for non-Hermitian degeneracies
(exceptional points) eigenvectors also coalesce and thus selective QNM excitation does not exist, leading to
invariant scattering patterns. Our technique sheds light on the borderlands of Mie theory, QNMs, non-Hermitian
photonics, and singular optics, which can empower new explorations and applications and cross-fertilize all those

disciplines.
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I. INTRODUCTION

Open scattering systems generally support quasinormal
modes (QNMs) that are characterized by complex eigen-
frequencies and eigenvectors (vectorial electromagnetic-field
distributions) [1]. The scattering properties (such as scat-
tering and extinction cross sections [2]) of those systems
originate from the excitations and interferences of the QNMs
excited, and the excitation coefficients are dependent on
the morphologies of incident fields (temporal and spatial
phase and polarization distributions) [1-4]. Generally speak-
ing, QNMs can manifest themselves through peaks in the
scattering spectra, and central positions and linewidths of
those peaks approximately correspond to the real parts of
eigenfrequencies and Q factors of the QNMs excited [1,3].
Nevertheless, such a correspondence would break down when
two or more QNMs are spectrally close or even overlapped,
rendering several peaks merged together, e.g. inducing asym-
metric line shapes of Fano resonances [5]. To reveal the details
of QNM excitations and modal contributions underlying those
compound merged peaks, near-field or far-field techniques
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involving volume or contour integrations can be employed
[1,6]. The problem is that from those integrations intuitive
physical insights and general principles are hard to extract to
directly and precisely tell how to tailor the incident sources
for flexible selective mode excitations, which are of great
significance for manipulations of scattering properties.

Different QNMs are generally featured by distinct near-
field distributions, and different far-field radiation patterns in
terms of both angular intensities and polarization distributions
on the momentum sphere [1]. For a reciprocal scatterer, if
there exists a radiation direction along which any pair of
QNMs have different radiation polarizations, it is recently
revealed that the two QNMs can be selectively excited for
plane waves incident opposite to such radiation direction
with proper polarizations [4,7,8]. When a specific QNM is
exclusively excited, the far-field scattering pattern would be
identical to this mode radiation pattern, which serves as an
indicator for selective QNM excitations [8].

In this paper, we employ this approach based on far-
field scattering patterns to categorize QNM coalescences into
(1) QNMs with identical real (distinct imaginary) parts of
eigenfrequencies; (ii) effectively Hermitian degenerate (with
identical complex eigenfrequencies) QNMs with noncoales-
cent eigenvectors; and (iii) effectively non-Hermitian degen-
erate QNMs with coalescent eigenvectors. For categories
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(i) and (ii), though spectrally overlapped, the distinct
QNMs can be selectively excited with designed incident
directions and polarizations, leading to different scattering
patterns dictated by radiation patterns of the correspond-
ing QNMs. For the last category of (iii), effectively only
one QNM exists, and thus there is no selective mode ex-
citation and thus the scattering pattern would be invariant
for varying incident polarizations. Our far-field approach to
distinguish among coalescent QNMs has merged sweeping
concepts of Mie scattering, QNMs, singularities, and (non-
)Hermitian degeneracies, which can play significant roles
for not only electromagnetic wave manipulations, but also
waves of other forms where those concepts are generic and
ubiquitous.

II. THEORETICAL MODEL FOR SELECTIVE
QNM EXCITATION

In this paper, we study reciprocal open scattering systems
that support a discrete set of QNMs (indexed by integer n), for
which the vectorial eigenfield and complex eigenfrequency
are respectively E,(r) and &,. We have further confined
the incident waves to plane waves with electric vector field
Ei (Finc) and angular frequency wi,., where i, is the unit in-
cident direction vector. Along an arbitrary radiation direction
(unit direction vector f,q), in the far field the QNM radiations
are transverse E,(fq) - £raa = 0. The scattered far field can
be expanded as coherent superpositions of the radiations of
all QNMs excited [1]:

Esca(fsca) = Z anEn (f'sca)a (1)

where o, is the complex excitation (expansion) coefficient for
the nth QNM,; that is, |a,|? is the excitation efficiency for the
nth QNM; T, is the unit scattering direction vector.

For reciprocal open scattering bodies excited by inci-
dent plane waves, the QNM excitation coefficient is solely
related to the QNM radiation opposite to the incident
direction [4,7,8]:

oty ¢ Eine (Bine) - I:::(f'rad = —finc), (2)

where * denotes complex conjugate. To fully suppress a spe-
cific QNM A4, it is only required that the incident polarization
is orthogonal to this mode radiation polarization along —fi:

g = Eine(Fine) - EX (fraa = —Finc) = 0. 3)

For an open system supporting two dominant QNMs A and B,
as long as their radiation polarizations are distinct opposite to
the incident direction (S is the Stokes vector that characterizes
the polarization of E [9]),

SA(i\'rad = _f'inc) ?é SB(i\'rad = _f'inc)’ (4)

full suppression of QNM A means selective excitation of
QNM B (otherwise if S, = Sp both modes would be simul-
taneously excited or suppressed). Then according to Egs. (2)
and (3), the scattering pattern would be the same as the radi-
ation pattern of the selectively excited mode. We emphasize
that in both our approach and those in Refs. [1,6], numerical
calculations to obtain the properties of QNMs are required.
The simplicity of our model [Eq. (2)] renders an elegant recipe

according to which we can immediately pinpoint the proper
incident directions and polarizations to manipulate the QNM
excitations.

Up to now, it has become clear that for any pair of QNMs,
they can be selectively excited (suppressed) as long as their
radiation polarizations are distinct along the opposite incident
directions. This principle of selectivity has nothing to do
with QNM eigenfrequencies. That is, selective excitation is
accessible if there exists one single direction along which the
QNM radiations are of distinct polarizations. The exceptional
scenario that escapes this net of selection is the non-Hermitian
degenerate points (exceptional points), at which all eigenvec-
tors are coalescent [10-12], meaning that the QNM radiation
polarizations are identical throughout the whole momentum
sphere. This is exactly the key point we exploit to dis-
tinguish between effectively Hermitian and non-Hermitian
degeneracies of QNMs supported by open reciprocal
scatterers.

III. MODE EXCITATION FOR COALESCING QNMS

To verify the principle of selectivity we have elaborated on
in the last section, we then turn to specific open scattering
bodies for numerical demonstrations, and all the following
numerical results are obtained using COMSOL MULTIPHYSICS.
A scatterer and the coordinate system (with polar angle 6 and
azimuthal angle ¢) are shown schematically in Fig. 1(a): a
square block (side length d, and height /) with a centered
regular-pentagon puncture (side length d;); the scatterer is
homogenous with isotropic relative permittivity &, = 40 and
fixed d;/d, = 0.306. The scattering cross-section spectrum
for this scatterer [the incident direction vector T, = (6;, ¢;)
= (7w /2, —m/2); that is, the plane wave is incident along
the —y direction and it is left-handed circularly polarized] is
shown in Fig. 1(b), where two scattering peaks are present.
Associated with each peak there is an individual QNM. This
is confirmed by Fig. 1(c), where we show the dependence of
complex QNM eigenfrequency & [both real (Re) and imagi-
nary (Im) parts are normalized]: 8 = @(d, — d;)/c; c is the
speed of light on structural parameter Ad/h = (d, — d;)/h.
It is clear that for the chosen parameter in Fig. 1(b)
(Ad/h = 1.562), there are two spectrally separated QNMs
with both real and imaginary parts of eigenfrequencies being
distinct [see Fig. 1(c)].

The far-field radiation patterns for QNMs A and B are
shown in Fig. 1(d), and the mode radiation polarizations along
the +y direction (opposite to the incident direction) are linear
polarizations along z and x axes, respectively. As a result,
according to Egs. (2) and (3), for a plane wave incident
along the —y direction and linearly polarized along the z
(x) axis with ap = Eip. - E = 0 (04 = Eipe - EX = 0), QNM
A (B) would be selectively excited, with QNM B (A) fully
suppressed. This is further verified in Fig. 1(e), where we
show the scattering and mode radiation patterns on the x — z
plane parametrized by 6. It is clear that the scattering patterns
are almost identical to the radiation patterns of QNMs A and
B, respectively, confirming selective mode excitations. The
discrepancies between the scattering and radiation patterns
are induced by marginal contributions of other QNMs that are
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FIG. 1. (a) A dielectric (g, =40) square block (side length
d, and height /) with a centered regular-pentagon puncture (side
length d;). The Cartesian coordinate system is also parametrized
by azimuthal angle ¢ and polar angle 6. (b) Scattering cross-
section spectrum for the left-handed circularly polarized plane wave
incident along the —y direction, with Ad/h = 1.562. (c) Normalized
complex eigenfrequencies 8 = @(d, — d;)/c (both real and imagi-
nary parts) vs geometric parameters for the two supported QNMs
A and B identified through the peaks in (b). (d) Radiation patterns
(in terms of angular scattering intensity) for the two QNMs A and
B with Ad/h = 1.562. (e) Scattering and mode radiation patterns
on the x — z plane for waves incident along the —y direction. In
(e), both scenarios with different incident polarizations are shown
(incident polarizations are orthogonal respectively to those of modes
B and A radiation polarizations along the +y direction): mode A se-
lectively excited with Binc = winc(d, — di)/c = Re(B4) (left); mode
B selectively excited with 8;,. = Re(Bp) (right). For Ad/h = 1.562,
Ba = 1.5458 +2.9166 x 10~%i and Bz = 1.5370 + 4.4152 x 1073};
along the +y direction the radiations of QNMs A and B are linearly
polarized along z and x axes, respectively. In this figure we have fixed
d;/d, = 0.306.

spectrally outside the spectral regime of interest, as is also the
case for Figs. 2—4.

A. Two QNMs with identical Re(®)

We further tune the geometric parameter (d;/d, = 0.294)
of the structure shown in Fig. 1(a) to obtain two coalescing
QNMs with the same real part of eigenfrequency. In the scat-
tering spectrum shown in Fig. 2(a) [incident polarization and
direction are the same as those in Fig. 1(b); Ad/h = 1.37]
there is only one peak, underlying which there are actually
two rather than one QNMs. The complex eigenfrequency de-
pendence on geometric parameter is summarized in Fig. 2(b),
confirming that Re(®) for the two QNMs is identical with
distinct Im(@®). The radiation patterns of the two QNMs are
summarized in Fig. 2(c) [similar to the patterns shown in
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FIG. 2. (a) Scattering cross-section spectrum for the left-handed
circularly polarized plane wave incident along the —y direction, with
Ad/h = 1.37. (b) Normalized complex eigenfrequencies (both real
and imaginary parts) vs geometric parameters for the two supported
QNMs A and B underlying the peak in (a). (c) Radiation patterns
(in terms of angular scattering intensity) for the two QNMs A and B
with Ad/h = 1.37. (d) Scattering and mode radiation patterns on the
x — z plane for waves incident along the —y direction. In (d), both
scenarios with different incident polarizations are shown (incident
polarizations are orthogonal respectively to those of modes B and A
radiation polarizations along the +y direction) with S, = Re(B4) =
Re(Bp): mode A selectively excited (left) and mode B selectively
excited (right). For Ad/h = 1.37, B4 = 1.5088 +2.9074 x 1073
and Bz = 1.5088 + 2.5706 x 1073i; along the +y direction the ra-
diations of QNMs A and B are linearly polarized along z and x axes,
respectively. In this figure we have fixed d;/d, = 0.294.

Fig. 1(d)]. Since the mode radiation polarizations along +y di-
rections are also respectively linearly polarized along z and x
axes, these two QNMs with identical Re(®) can be selectively
excited (with incident polarization orthogonal to the radiation
polarization of the suppressed mode), as has been confirmed
by the radiation and scattering patterns shown in Fig. 2(d).

B. Two QNMs with identical @: Effective Hermitian degeneracy

Open scattering systems can be tuned to support QNMs
with identical @ in terms of both real and imaginary parts
[13—16]. Though scattering systems are essentially non-
Hermitian, the mode degeneracy can be effectively Hermitian
(conical or Dirac point, DP): this means that though the
eigenvalues are coalescent, the eigenvectors are orthogonal
rather than coalescent. Such a scenario is shown in Fig. 3(a),
employing the scatterer shown in Fig. 1(a) with a different
geometric parameter d;/d, = 0.296. The radiation patterns of
the two effectively Hermitian degenerate modes are shown in
Fig. 3(b), and their respective selective excitations have been
confirmed by Fig. 3(c).
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FIG. 3. (a) Normalized complex eigenfrequencies (both real and
imaginary parts) vs geometric parameters for two supported QNMs,
which become degenerate at Ad/h = 1.395 (location of the DP).
(b) Radiation patterns (in terms of angular scattering intensity) for
the two QNMs A and B with Ad /h = 1.395. (c) Scattering and mode
radiation patterns on the x — z plane for waves incident along the —y
direction. In (c), both scenarios with different incident polarizations
are shown (incident polarizations are orthogonal respectively to those
of modes B and A radiation polarizations along the +y direction)
with Bi,. = Re(B4) = Re(Bp): mode A selectively excited (left) and
mode B selectively excited (right). For Ad/h = 1.395, Bs = B =
1.5122 +2.9794 x 1073i; along the +y direction the radiations of
QNMs A and B are linearly polarized along z and x axes, respectively.
In this figure we have fixed d;/d, = 0.296.

C. Two QNMs with identical ®: Non-Hermitian degeneracy

To obtain and demonstrate the scenario of non-Hermitian
degeneracy (exceptional point, EP), we employ now a slightly
different structure schematically shown in Fig. 4(a): a di-
electric square block with a regular-triangle puncture and the
same relative permittivity &, = 40. The degeneracy in terms
of identical @ is showcased in Fig. 4(b). In sharp contrast to
the DP (see Fig. 3) at which the two QNMs are still different
in both near and far fields, at the EP there is effectively only
one QNM [eigenvectors are also coalescent; the two QNMs
merge into one QNM, of which the radiation pattern is shown
in Fig. 4(c)]. In other words, for arbitrary incident directions
and polarizations, only one QNM is effectively excited and
thus the scattering pattern becomes invariant. Such invariance
is confirmed in Fig. 4(d), for two different incident directions.

IV. CONCLUSION AND PERSPECTIVE

To conclude, we develop a far-field technique to distin-
guish among different types of coalescing QNMs, covering
QNMs with eigenfrequencies of identical real part, and degen-
erate QNMs of both effective Hermitian and non-Hermitian
natures. For spectrally close or even overlapped QNMs, as
long as the eigenvectors are not coalescent, QNMs can be
selectively excited, inducing different far-field scattering pat-
terns. For non-Hermitian degenerate QNMs, since effectively
there is only one QNM and its sole excitation, the scattering
pattern is dictated by its radiation pattern, which is invariant
for different incident scenarios. Our technique has effectively
merged the pervading concepts of Mie scattering, singularity,
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FIG. 4. (a) A dielectric (¢, = 40) square block (side length d,
and height &) with a centered regular-triangle puncture (side length
d;). (b) Normalized complex eigenfrequencies (both real and imagi-
nary parts) vs geometric parameters for two supported QNMs, which
become degenerate at d;/d, = 0.668 (location of the EP). (c) Ra-
diation patterns (in terms of angular scattering intensity) for the
non-Hermitian degenerate QNMs with d;/d, = 0.668. (d) Scattering
and mode radiation patterns on the y — z plane for linearly polarized
(along z axis) waves incident along two directions specified, with
ﬂinc = Re(ﬂA) = RC(/BB) For d,'/do = 0668, ﬂA = ,BB = 1.0847 +
1.5640 x 1073i. In this figure we have fixed h/d, = 0.214.

QNMs, and Hermitian and non-Hermitian degeneracies,
which will stimulate novel interdisciplinary investigations in
the borderlands of the vibrant fields of topological, singular,
and non-Hermitian photonics [12,17-19].

Here in this paper, we have discussed only a pair of
coalescing QNMs. For more than two QNMs and their higher-
order degeneracies, exclusively selective excitation of one
specific mode and suppression of all other modes requires
more than one plane wave incident along different directions
with different polarizations. For other incident sources be-
yond plane waves, our technique is not directly applicable (if
the incident source can be expanded into a series of plane
waves, the functionalities of linear systems can be still ob-
tained through response integrations based on our technique),
and more comprehensive and generic near- or far-field tech-
niques can be employed to decide the modal contributions
[1,6]. Moreover, our formalisms presented in Sec. II are valid
only for reciprocal scattering bodies, and extra extensions
are required to provide a more comprehensive framework
for nonreciprocal systems with magnetism, nonlinearity, or
temporal modulations [20,21]. Those extensions and gener-
alizations can not only significantly broaden the horizons of
aforementioned disciplines in photonics, but also bring new
opportunities for waves of other forms, where the concepts of
scattering, QNMs, and singularity are generically ubiquitous.
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