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Scattering and absorption invariance of nonmagnetic particles under duality transformations
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We revisit the total scatterings (in terms of extinction, scattering, and absorption cross sections) by arbitrary
clusters of nonmagnetic particles that support optically induced magnetic responses. Our reexamination is
conducted from the perspective of the electromagnetic duality symmetry, and it is revealed that all total scattering
properties are invariant under duality transformations. This secures that, for self-dual particle clusters, the
total scattering properties are polarization independent for any fixed incident direction, while, for non-self-dual
particle clusters, two scattering configurations that are connected to each other through a duality transformation
would exhibit identical scattering properties. This electromagnetic duality induced invariance is irrelevant to
specific particle distributions or wave incident directions, which is illustrated for both random and periodic

clusters.
DOI: 10.1103/PhysRevA.102.033517

I. INTRODUCTION

Similar to other widely explored symmetries of both dis-
crete and continuous natures [1], the electromagnetic duality
symmetry between electric and magnetic fields plays an es-
sential role across different disciplines of physics, especially
for fundamental studies in, e.g., singular optics, gauge field
theory, and string theory [2—7]. Though it is shown clearly that
electromagnetic duality can render great flexibilities for ma-
nipulations of light-matter interactions [8,9], such a symmetry
still resists being widely employed for practical photonic
applications, simply because such an employment requires
not only electric but also equally strong magnetic responses.
Nevertheless, intrinsic magnetism is naturally rare and weak,
especially in higher-frequency regimes, which makes the bar-
rier of the wide exploitation of the duality symmetry in optics
and photonics almost insurmountable [10].

A feasible solution to the aforementioned problem comes
from the central concept in the fields of metamaterials and
metasurfaces, that is, optically induced magnetism originat-
ing from displacement currents in nonmagnetic structures
[11-13]. This core concept has recently penetrated various
branches of optics and photonics, and spawned vibrant fields
including all-dielectric metaoptics and Mietronics, enabling
numerous optical device applications [14—17]. The merging of
optically induced magnetism of nonmagnetic materials with
the electromagnetic duality symmetry would set free dual-
ity principles and their applications from magnetic materials,
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which can potentially bring the electromagnetic duality sym-
metry to the masses of the optics and photonics community
[9,18,19].

In a previous study, we have blended optically induced
magnetism and the duality symmetry to demonstrate how
the angular scattering patterns are invariant under duality
transformations and how the backward scatterings and the
associated reflections of infinite periodic structures can be
eliminated when extra rotation symmetry is further exploited
[19]. In this work, in the same spirit, we shift our focus from
direction dependent angular scattering patterns to integral to-
tal scattering properties (including extinction, scattering, and
absorption cross sections) of nonmagnetic particle clusters,
and reveal that all those cross sections are invariant under
duality transformations. To be more specific, clusters made
of self-dual particles exhibit polarization independent total
scattering properties for any given incident direction; while
for clusters consisting of non-self-dual particles, the total
scattering properties are identical for any two scattering con-
figurations that can be duality transformed into each other.
Such total scattering invariance has nothing to do with specific
geometric distributions of the clusters, with the clusters being
finite or infinite, random or periodic. Such robust scattering
features may not only play significant roles in fundamental
scattering related studies involving electromagnetic duality
(such as topological and/or non-Hermitian photonics), but
also find applications in a wide range of optical devices that
require optically stable functionalities.

II. DUALITY TRANSFORMATIONS
FOR DIPOLAR PARTICLES

In this work, we confine our studies to the plane wave scat-
tering in a homogenous background (vacuum in this study)
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by clusters consisting of dipolar particles that support electric
dipole (ED) moment p and magnetic dipole (MD) moment m
(higher-order multipolar moments are negligible). An electro-
magnetic duality transformation for the fields and moments
can be expressed as [9,10,19]

() = (ar) = 7®(3a)

(m) = () =T (3)

Here E and H correspond to either incident or scattered waves
and T (B) is the duality transformation matrix:
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with a real transformation angle S. For the incident plane
wave and the scattered waves in the far field, E and H are
perpendicular (E L H) and then the duality transformation
corresponds to a geometric rotation of angle B along the wave
propagation direction (unit Poynting vector §) Rs(8) [19].
The same correspondence is also applicable to the electric
moment p and the magnetic moment m, as long as they are
perpendicular to each other.

When the dipolar responses of the scattering particles to
the exciting fields are fully isotropic, the fields and moments
are connected by [10,19,20]

p a’, 07/E

(m) =10 o) ®
Here «® and o™ are scalars, corresponding respectively to the
electric and magnetic polarizabilities. For isotropic dipolar
particles characterized by Mie coefficients a; and by, the
polarizabilities can be expressed as a® = %al, o = %bl
[19,21-23]. To guarantee that after the duality transformation,
the duality-paired scattering configuration is still reciprocal,

p/ Ol/e, O E/
G =15 olGr): (4)
at least one of the following conditions should be satis-
fied [9,19]: (i) p = m (self-dual dipolar particle a; = by),
o™ = ™ (or equivalently a; = b; = b} =a}), and B is
arbitrary; (ii) p # m (non-self-dual dipolar particle a; # by),
o™ = o™ (orequivalently a| = by, b, = a;),and g = 7 /2.
Basically, for non-self-dual particles, the duality transforma-
tion would require the following Mie coefficients change:
(a1, b1) — (b1, ar), meaning that the particle is transformed
to its dual partner; in contrast, the self-dual particle is kept
as it is under the duality transformation, as its dual partner is
itself.

III. TOTAL SCATTERING INVARIANCE UNDER DUALITY
TRANSFORMATIONS

Now we proceed to discuss how the total scattering prop-
erties are preserved under duality transformations. For an
incident plane wave (fields are E; and H;; wave vector is
k;) upon an arbitrary obstacle (could be single particles or
clusters), all the cross sections of extinction, scattering, and
absorption can be extracted from the incident and scattered

fields (E; and Hy). To be specific, the extinction cross section
can be expressed as [23]

1
Oext = I_ // Sext : ér dA’ Sext =Re (Ei X H: + Es X H:k),
’ 5)

where the incident irradiance is I; = E;E}, &, is the radial unit
vector along which light is scattered, * denotes the complex
conjugation, Re means the real part, and A is a closed spher-
ical surface enclosing the obstacle. According to the optical
theorem, the extinction cross section can be further simplified
as [23]

4
K2
where k is the wave vector of the scattered wave and k = |k|;
F(k = k;) is the vectorial scattering amplitude (normalized by
the incident electric-field amplitude) [23]. Since both the inci-
dent field and the forward scattered fields are transverse with
E L H and propagating along k;, a duality transformation
simply corresponds to a rotation along k; for both F(k = k;)
and E;. Then the extinction cross section after the duality
transformation would be

Oext =

Re[E! - F(k = k)], (6)

ext

, 4 .
ol = = Re[E - F'(k = k;)]

4 . .
=2 Re{[Ryk, (BE:]" - [Ry, (B)F(k = kp)},  (7)
which is obviously invariant: 6, = ey, since the dot product
of two vectors is a constant regardless of the orientation of the
. ~ * ~
axis: Ef - F(k = K;) = [Ry, (B)Ei] - [Reyi, (B)F (k = k)]
The scattering cross section can be expressed as [23]

1 1

Osca = [_ /:/ Sca - €:dA,  Sga = E Re (Eg x H;k) (8)
1

In the far field, the scattered waves are transverse (E; x Hy)

spherical waves with Sy, ||€,. In a similar fashion, it is easy to

prove that the scattering cross section is also invariant o, =

o/, under a duality transformation as

E, x H = [Ryje, (B)E] x [léﬁué,,(ﬂ)Hs]* =E, xH!. (9)

This is simply due to the fact that the cross product of two per-
pendicular vectors is irrelevant to the in-plane (perpendicular
to €,) axis orientations. The invariance of both scattering and
extinction cross sections would directly lead to the invariance
of absorption cross section ogps, S Oaps = Oext — Osca aCCOrd-
ing to the optical theorem [23].

IV. TOTAL SCATTERING INVARIANCE FOR FINITE
PARTICLE CLUSTERS

A. Self-dual particle clusters

After the theoretical analysis above, we now turn to spe-
cific demonstrations with realist nonmagnetic particles. For
arbitrary clusters consisting of self-dual dipolar particles, it is
shown in Sec. II that the particles are kept as they are under
the duality transformation. The transformation of the incident
and the scattered fields correspond to a geometric rotation
around the propagating direction of an arbitrary angle 8. This
directly guarantees that, for any fixed incident direction, all
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FIG. 1. (a) Scattering efficiency spectra (both total scattering and
partial dipolar contributions from ED and MD) for the Ag core-
dielectric (In = 3.4) shell spherical particle (R} = 61 nm and R, =
208 nm). The resonant position is marked at A, = 1449 nm. (b) A
randomly chosen particle cluster consisting of four such particles,
with three particles on the x-y plane (one on the x axis and the
other two with position vectors making the same angle of 120° with
respect to the x axis) and the fourth particle is placed at the z axis.
The distances between the particles and the coordinate origin are
oa = 800 nm, ob = 1000 nm, oc = 1200 nm, and od = 1100 nm.
(c),(d) The scattering and extinction efficiency for three polarization
directions (6 = 10°, 50°, 80° with respect to the x axis) when the
incident plane wave is propagating along the z axis. (e),(f) The
efficiency for three polarization directions (8 = 10°, 50°, 80° with
respect to the z axis) when the incident wave is propagating along
the —x axis.

sorts of cross sections of the self-dual particle cluster would
be independent of the polarization direction.

To verify this polarization independent feature, we utilize
the self-dual metal (Ag)-dielectric (refractive index In = 3.4)
core-shell spherical particle that has been widely studied in
previous studies [19,21-23]. The optical constants of silver
are adopted from the experimental data in Ref. [24]. The
scattering efficiency (scattering cross section divided by the
geometric section) spectra, including both total scattering and
those contributed by ED (a;) and MD (b;), are shown in
Fig. 1(a). The particle is of inner radius R; = 61 nm and outer
radius R, = 208 nm, as shown in the inset of Fig. 1(a). It is
clear that the particle is self-dual (a; & b;) at the resonant
wavelength Ay = 1449 nm, and thus termed as D-particle
(here D means dual) throughout this work.

As the total scattering invariance is irrelevant to specific
geometric distributions of the particles, we randomly choose
a cluster consisting of four D-particles as shown in Fig. 1(b),
and the position parameters are detailed in the caption of
Fig. 1. Two scenarios of different incident directions (k;||z
and k; || —x) are investigated, and for each case the results (ob-
tained with commercial software COMSOL MULTIPHYSICS [25])
for three polarization directions are shown [Figs. 1(c)-1(f)]. In
Fig. 1 and throughout this work, we show only the results of
extinction and scattering invariance, which directly guarantee
the invariance of absorption according to the optical theorem.
It is worth mentioning that the cross section invariance is ob-
served for not just the designed spectral position (A4 = 1449
nm), but rather across a broadband spectral regime, where
the D-particle can be also viewed approximately as self-dual
[see Fig. 1(a)]. It is worth mentioning that the polarization-
independent scattering features we have shown here totally
originate from the self-duality of each consisting particle, and
thus have nothing to do with specific geometric distributions
or incident directions. The same polarization-independent
scattering and absorption properties have also been achieved
with obstacles that exhibit composite mirror and rotation sym-
metry C,, (n > 3) [26], which nevertheless imposes rather
stringent restrictions on the geometric distributions and the
incident directions.

B. Non-self-dual particle clusters

As has been discussed in Sec. II, compared to its self-dual
counterpart, the non-self-dual particle cluster is strikingly dif-
ferent in the sense that the duality transformation changes not
only the fields but also the cluster itself [19]. The scattering
configuration before and after the transformation constitute
a dual pair and, if both configurations show pure isotropic
response, then only the duality transformation of g = m /2
is allowed [19]. This specific duality transformation would
(1) change the incident wave to its orthogonal polarization
state with the incident direction fixed and (ii) transform the
consisting particles according to '™ = ™, and for dipolar
particles it is equivalent to | = by, b} = a;, meaning a non-
self-dual particle is transformed to its dual partner.

The simplest dual partners would consist of an ED parti-
cle (E-particle: a; # 0, by = 0) and its dual partner an MD
particle (M-particle: ¢} = 0, b} = a;). We show the scattering
efficiencies of such dual partners in Figs. 2(a) and 2(b): an
E-particle of R; = 78 nm and R, = 122 nm and an M-particle
with R; = 40 nm and R, = 140 nm. Both particles are made
of Ag core and dielectric shell (In = 3.4) and support either a
pure ED or MD at the common marked resonant wavelength
A = 984 nm. Two dual-paired scattering configurations con-
sisting of E, M-particles are shown in Figs. 2(c) and 2(d),
where the E(M)-particles in Fig. 2(c) are replaced by their
dual-partnered M(E)-particles. The overall cluster configura-
tion and the particle position parameters are the same as those
in Fig. 1(b). The extinction and scattering efficiencies for two
different incident directions are summarized in Figs. 2(e)—
2(h), and for each direction we have arbitrarily chosen two
orthogonal polarizations (6 = 30° and 120°) as required by
B = m /2. Similar to what is shown in Figs. 1(c)-1(f), the
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FIG. 2. Scattering efficiency spectra of (a) an E-particle with
R, =78 nm and R, = 122 nm and (b) an M-particle with R, =
40 nm and R, = 140 nm. The two particles support respectively pure
ED and MD moments at the marked resonant point Az = 984 nm.
(c),(d) The dual-paired configurations with a duality transformation
of B = m /2 (swapping the positions of E-particles and M-particles)
with two different incident directions (k;||z and K;||—x). The parti-
cle position parameters are the same as those in Fig. 1(b). (e),(f)
The scattering and extinction efficiency for the incidence along z
with polarization angles chosen as 8 = 30° in (c) and 120° in (d).
(g).(h) The scattering and extinction efficiency for another incidence
along —x.

total scattering invariance can be observed at not only the de-
signed spectral position, but across a relatively broad spectral
regime, where the two particles can be treated approximately
as dual partners. In Figs. 2(g) and 2(h), the scattering invari-
ance breaking regime is clearly visible (around A = 1045 nm),
where the two particles are not dual partners anymore.

The more general dual partners would be hybrid particles
that support both electric and magnetic moments (a; = b; #
0, b} = a; # 0). We show the scattering efficiencies of such
dual partners in Figs. 3(a) and 3(b): a H;-particle of R =
77 nm and R, = 214 nm and a Hj-particle with R; = 28 nm
and R, = 220 nm. Both particles are of Ag core and dielectric
shell (In = 3.4) and support both ED and MD moments at the
resonant wavelength A¢ = 1560 nm. Two dual-paired scatter-
ing configurations consisting of H;, H,-particles are shown in
Figs. 3(c) and 3(d), where the H; (H;)-particles in Fig. 3(c) are
replaced by their dual partner H,(H;)-particles. The cluster
configuration and particle position parameters are the same
as those in Fig. 1(b). The extinction and scattering efficien-
cies for two different incident directions are summarized in
Figs. 3(e)-3(h), and for each direction we have arbitrarily cho-
sen two orthogonal polarizations (8 = 20° and 110°). Similar
to what is shown in Figs. 1(c)-1(f) and Figs. 2(e)-2(h), for the
incidence along the z axis, the total scattering invariance can
be observed across a relatively broad spectral regime, while
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FIG. 3. Scattering efficiency spectra of (a) an H,-particle with
Ry =77 nm and R, = 214 nm and (b) an H,-particle with R =
28 nm and R, = 220 nm. The two particles support both ED and MD
moments at the marked resonant point A¢c = 1560 nm. (c),(d) The
dual-paired configurations with a duality transformation of « = 7 /2
(swapping the positions of H;-particles and H,-particles) with two
different incident directions (k;||z and k;||—x). The position param-
eters are the same as those in Fig. 1(b). (e),(f) The scattering and
extinction efficiency for the incidence along z with polarization an-
gles chosen as 6 = 20° in (c) and 110° in (d). (g),(h) The scattering
and extinction efficiency for another incidence along —x.

15 1.
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for the incidence along the —x axis the scattering invariance
is generally broken. For both scenarios, the total scattering
invariance can be observed at the designed wavelength A¢c =
1560 nm, where the two particles are strictly dual partners.

V. TOTAL SCATTERING INVARIANCE FOR INFINITE
PERIODIC LATTICES

A. Self-dual particle lattices

The principles we have revealed in Sec.s II and III are
applicable to not only finite particle clusters, but also to
clusters made of an infinite number of particles, such as the
periodic particle lattices that play essential roles in various
photonic applications. We start with a one-dimensional (1D)
self-dual D-particle lattice shown schematically in Fig. 4(a)
with period 7 = 1510 nm. A similar lattice has been studied
in a previous study, where it is shown that under normal
incidence (incident direction perpendicular to the lattice axis),
the extinction efficiency spectra exhibit typical polarization
independent Fano resonances [27]. It was not understood then
but now well clarified in this work that such polarization in-
dependence originates from the self-duality of each consisting
particle in the lattice. In Figs. 4(b) and 4(c) we reproduce the
spectra (for three arbitrarily chosen polarization angles 6 =
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FIG. 4. (a) 1D lattice of D-particles with period 7 = 1510 nm.
Extinction and scattering efficiency spectra are shown in (b) and
(c) for a normal incidence (K;||z) with polarization angle 6 =
10°, 30°, 45° and in (d) and (e) for an oblique incidence (¢ = 30°)
with 6 = 0, 45°, 90°. The marked point A corresponds to the reso-
nant wavelength (Ao = 1449 nm) of the D-particle.

10°, 30°, 45°) of the normal incidence K;||z, and as expected
the polarization independent Fano resonances are observed in
terms of both extinction and scattering spectra. Here 6 is the
angle made by E; with respect to the x-z plane. Similar to what
is shown in Figs. 1(c)-1(f), such independence is manifest not
only in the designed wavelength A5 = 1449 nm, but rather
across a broad spectral regime. We take a step further to show
the spectra (for three arbitrarily chose polarization angles 8 =
0, 45°, 90°) in Figs. 4(d) and 4(e) of an oblique incidence (k;
makes an angle of ¢ = 30° with respect to the x axis). Though
the Fano resonances disappear when the incident light is tilted
[28], the polarization independence feature is well protected
by the electromagnetic duality symmetry.

B. Non-self-dual particle lattices

As a next step, we extend the study to 1D lattices of
non-self-dual particles. Two 1D lattices (consisting of E, M-
particles) that are dual partners to each other are shown in
Figs. 5(a) and 5(b): the period T = 1020 nm and the inter-
particle distance within the unit cell is d = 80 nm. Extinction
and scattering efficiency spectra are shown: in Figs. 5(c) and
5(d) for a normal incidence (k;||z), with polarization angle
6 = 20° and 110° for the configurations in Figs. 5(a) and 5(b),
respectively; in Figs. 5(e) and 5(f) for an oblique incidence
(¢ = 20°), with polarization angle 8 = 90° and 0 in Figs. 5(a)
and 5(b), respectively. The polarization directions are chosen
arbitrarily but are kept orthogonal to make sure the scattering
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FIG. 5. (a),(b) Two dual-paired 1D lattices consist of E, M-
particles of 7 = 1020 nm and d = 80 nm. Extinction and scattering
efficiency spectra are shown: in (c) and (d) for a normal incidence
(k;||z), with polarization angles 6 = 20° and 110° for the config-
urations in (a) and (b), respectively; in (e) and (f) for an oblique
incidence (¢ = 20°), with polarization angles 6 = 90° and O for
(a) and (b), respectively. The marked point B corresponds to the
common resonant wavelength (Ag = 984 nm) of the E, M-particles.

configurations in Figs. 5(a) and 5(b) constitute a dual pair. In
a similar way, the extinction and scattering spectra for another
set of dual-paired 1D lattices (consisting of H;, H,-particles;
T = 1520 nm; d = 50 nm) are summarized in Fig. 6, includ-
ing results of both normal and oblique incidences with two
orthogonal polarizations for the dual-paired scattering config-
urations. Figures 5 and 6 can verify the invariance of total
scattering properties under duality transformations, as shown
by the spectra overlap at the marked point B (Ag = 984 nm)
in Fig. 5 and C (A¢ = 1560 nm) in Fig. 6.

VI. CONCLUSION

In conclusion, we have revisited, from the composite per-
spectives of optically induced magnetism and electromagnetic
duality, the classical problem of plane wave scatterings by
nonmagnetic particle clusters of random distributions. It is
revealed that generally the total scattering properties, includ-
ing cross sections of extinction, scattering, and absorption,
are all invariant under duality transformations. For arbitrary
clusters consisting of self-dual particles, the total scatterings
are polarization independent for any fixed incident direction,
irrespective of how the particles are distributed; for clusters
made of non-self-dual particles, the total scattering properties
are identical for two dual-paired scattering configurations.
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FIG. 6. (a),(b) Two dual-paired 1D lattices consist of H;, H,-
particles of 7 = 1520 nm and d = 50 nm. Extinction and scattering
efficiency spectra are shown: in (c) and (d) for a normal incidence
(k;||z), with polarization angles 6 = 30° and 120° for the config-
urations in (a) and (b), respectively; in (e) and (f) for an oblique
incidence (¢ = 30°), with polarization angle 6 = 90° and O for
(a) and (b), respectively. The marked point C corresponds to the com-
mon resonant wavelength (A¢ = 1560 nm) of the H;, H,-particles.

Such scattering invariance are manifest for both finite clus-
ters and infinite lattices, which may not only spawn practical
applications in robust optical devices, but also render new
insights for fundamental scattering-related studies, such as
topological, non-Hermitian, and quantum photonics.

In this study, we have investigated only particles that sup-
port lowest-order electric and magnetic dipoles, and similar
studies can certainly be extended to higher-order multi-
poles when self-dual Mie particles are characterized by a, =
b, (n > 2). For the demonstrations with infinite periodic lat-
tices, we have only shown the results of a 1D case, and
for a higher-dimensional case the total scattering invariance
are surely preserved, as the arguments presented in Secs. II
and III are valid regardless of the dimension of the particle
distribution. Throughout this work, though we have employed
only the ideal core-shell spherical particles that can be analyt-
ically calculated, the principles revealed are generic and can
be applied for any structures that are more accessible exper-
imentally. A final note is that the polarization independence
obtained in this work, though protected by duality symme-
try, is valid for linear polarizations only (or more generally
for states with polarization ellipses of the same eccentricity
and handedness, but different orientations [29]). To obtain
invariant properties for arbitrary polarizations requires extra
reflection or inversion symmetries to eliminate optical activ-
ities (to secure identical responses for circularly polarized
light), as has been discussed in detail in Ref. [29].
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