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Abstract: In this work, we present an efficient numerical implementation of the finite element
method for modal analysis that leverages various symmetry operations, including spatial symmetry
in point groups and space-time symmetry in pseudo-hermiticity systems. We provide a formal
and rigorous treatment, specifically deriving the boundary constraint conditions corresponding
to symmetry constraints. Without loss of generality, we illustrate our approach via computing
the modes of optical waveguides with complex cross-sections, accompanied by performance
benchmark against the standard finite element method. The obtained results demonstrate excellent
agreement between our method and standard FEM with significantly improved computational
efficiency. Specifically, the calculation speed increased by a factor of 23 in the hollow-core
fiber. Furthermore, our method directly classifies and computes the modes based on symmetry,
facilitating the modal analysis of complex waveguides.

© 2024 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

In photonics, symmetry serves as a fundamental concept that simplifies our understanding of
light-matter interactions in complex optical medium or structures. Symmetry principle not
only facilitates the discovery and predication of novel optical phenomena, including symmetry-
protected bound states in the continuum [1–4], optical Weyl points [5–7], topological edge states
[8,9] and enhanced optical nonlinearities [10,11], but also inspires the design of photonic devices.
These devices, including optical fibers [12–15], metamaterials [16,17], lasers [18–20], and
resonators [21–24], utilize symmetry principle to deliver exceptional performance. Despite its
significance, symmetry principle has not been systematically studied in the numerical modeling
of photonic devices, especially in full-wave methods such as the finite element method (FEM)
and finite difference method (FDM).

Recent work on using symmetry principle in numerical modeling primarily involves the use of
simple symmetry to reduce computational load. For instance, mirror symmetric photonic devices
can be modeled by a fraction (half or a quarter) of the device by employing a perfect electric
conductor boundary condition (PEC) or a perfect magnetic conductor boundary condition (PMC)
to truncate the computational domain [25–28]. In the numerical modeling of periodic devices
[29–33], such as photonic crystals and metamaterials, the Bloch boundary condition derived
from discrete translational symmetry facilitates modeling solely on the unit cell. However, many
photonic devices exhibit multiple spatial symmetries, conforming simultaneously to various
mirror and rotational symmetries. Taking the hollow-core fiber [15,34–37] as an example, which
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are widely studied due to its superior low-loss performance, such waveguide supports complex
modes and poses challenges in analysis and design owing to its high CN,v point group symmetry
and large cross-sectional size. Moreover, pseudo-Hermiticity systems [38–40] with space-time
symmetries, such as PT-symmetry, predominantly depend on constructing specific forms of
Hamiltonian to account for the relation between symmetry-protected degenerate modes, wherein
the explicit Hamiltonian in optical system is difficult to extract. Identifying all symmetries of
photonic devices and combining these symmetries into modal analysis can significantly improve
the efficiency of analysis and reveal symmetry characteristics of the modes prior to the completion
of the computation. In this regard, exploring how to apply combined symmetries in numerical
modeling is relevant and necessary, though remains elusive.

This work introduces a systematic method for finite element modeling of modal analysis by
combining various symmetries for the first time. The method utilizes both the spatial symmetry
of point groups and the space-time symmetry of pseudo-Hermiticity systems to simplify the
computational complexity. The essence is to decompose the original modal problem into several
decoupled sub-tasks, each corresponding to modes of different symmetry types, and subsequently
restore the original one based on those solved sub-tasks. The symmetry group guarantees the
complete closure between the sub-tasks and the original problem. Compared to the original
problem, each sub-task has fewer degrees of freedom (DOFs), thereby significantly reducing
total computational time. In the first numerical example, the calculation speed increased by a
factor of 4, while in the second numerical example, the calculation speed increased by a factor
of 23. Comparative numerical examples against standard FEM validate the effectiveness and
efficiency of our method. This method facilitates efficient and swift modal analysis of large,
highly symmetric photonic devices. For computing symmetry-protected degenerate modes, our
method reconstructs the modes numerically, offering a novel perspective for analyzing degenerate
modes.

2. Theory and methods

2.1. General framework

In modal analysis on photonic devices using standard FEM, it is necessary to determine the
computational domain based on the device’s structure and the boundary constraints at the domain
edges. For instance, Fig. 1(a) displays a schematic diagram of the modal analysis for a C4,v
structure, where PEC boundary condition is employed. The electric field E(r) of the modes
within the computational domain satisfies the source-free vector wave equation,

∇ × µ−1
r ∇ × E(r) − k2

0ϵ rE(r) = 0, (1)

where ∇× denotes the curl operator, µr (ϵ r) is the relative permeability (permittivity), and k0 is
the vacuum wave number. In waveguide modal analysis with the propagation direction along the
z-axis, the transverse and longitudinal components of electric field E(r) can be separated and
written as E(r) = [Et(x, y) + ẑEz(x, y)] e−γz, where γ is the complex propagation constant.

By utilizing combined symmetry, i.e. spatial symmetry within point groups and space-time
symmetry (such as PT symmetry), we can model only a portion of the structure, referred
to as the minimum computational domain (MCD), as shown in Fig. 1(b). The original
problem corresponding to standard FEM is decomposed into multiple decoupled sub-tasks, each
corresponding to a specific symmetry type of modes. In addition to the boundary constraints on
the original outer boundary, each sub-task need also satisfy the boundary constraints related to
the symmetry constraints on the MCD boundary. We refer to this method as combined symmetry
adapted FEM (CSA-FEM). Due to the nonlinear relationship between computation time and the
size of computation domain, although CSA-FEM increases the number of tasks to be solved,
its computational efficiency—computation time and random access memory (RAM) usage—is



Research Article Vol. 32, No. 22 / 21 Oct 2024 / Optics Express 39247

significantly improved compared to standard FEM, as illustrated in Fig. 1(c). This improvement
is attributed to the reduction in both the size of computational domain and the number of modes
associated with each task, thereby decreasing the total computation time for the overall problem
to the original problem.
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Fig. 1. Schematic of FEM modeling using combined symmetry. (a) Standard FEM for
modal analysis on the C4,v structure. The entire domain satisfies the vector wave equation,
with the boundary constraint being PEC. (b) CSA-FEM for C4,v structure. Only one-eighth
of the entire domain (as MCD) is modeled, and it requires the calculation of five sub-tasks,
each with different MCD boundary constraints. (c) RAM and computational time versus the
size of computational domain. (d) General procedure of CSA-FEM.

The implementation procedure of CSA-FEM is shown in Fig. 1(d), as divided into four steps,

1. Identify the symmetry properties of the calculated structure, i.e., the associated symmetry
group and the corresponding character table.

2. Decompose the original problem into decoupled sub-tasks based on selected character table.

3. Determine the symmetry constraints of each sub-task from the selected symmetry properties,
and derive the boundary constraints that can be applied to FEM.

4. Apply the corresponding boundary constraints to the sub-tasks and solve them to obtain the
modes of different symmetry types.

For steps 1 and 2, the symmetry properties of the structure are generally evident. Once the
symmetry group of the computational structure is identified, MCD and the number of sub-tasks
can be determined, which is discussed in Subsection 2.2. In this work, the symmetry group
pertains to the point group, encompassing only spatial symmetry and excluding space-time
symmetry in pseudo-Hermiticity systems. Space-time symmetry, i.e. PT symmetry, is not
involved in sub-tasks decomposition, but significantly influences the size of MCD and MCD
boundary constraints. The key to CSA-FEM lies in the step 3, which is discussed in Subsection
2.3. In the combination of different symmetries, it is crucial to consider that the same symmetry
imposes different constraints on different symmetry types of modes. Determining boundary
constraints to ensure the solution of all modes is not straightforward and has never been examined,
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which will be studied shortly in a self-consistent manner with substantial details. Step 4 involves
processing the matrix of the eigenvalue equation according to the boundary constraints when
applying constraints in FEM, as discussed in Subsection 2.4.

2.2. Identify symmetry properties and decompose problem

In Figs. 2(a)–2(c), we show three examples of combined symmetry, i.e., C2,v, C4,v and the
combination of PT symmetric and mirror symmetric structures respectively. In Fig. 2(a), the red
dashed line m0/m1 represents mirror axis and the red domain indicates the MCD. Employing
mirror symmetry allows for the complete restoration of the structure from MCD. The structure
in Fig. 2(b) conforms to the C4,v point group, satisfying both mirror and rotational symmetries,
thereby allowing the complete restoration of the structure from MCD using both mirror symmetry
σv and rotational symmetry c4. The red dashed line m0/m1 also represents mirror axis, the blue
dashed line r0/r1/r2/r3 represents axis of rotation and the blue domain indicates the MCD.The
presence of additional symmetry shall further decrease MCD, and thereby enhances computational
efficiency for CSA-FEM. As shown in Fig. 2(c), the structure is a combination of PT symmetry
and mirror symmetry of Cs point group, where the purple dashed line t0/t1 represents axis of
PT symmetry. With the assistance of PT symmetry and mirror symmetry, one can restore the
full solution of the complete structure from the purple MCD. This work discusses only mirror
symmetry and rotational symmetry in point groups, as well as space-time symmetries. The
extension to other combined symmetries is beyond the scope of this paper.
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Fig. 2. Schematic examples of combined symmetry. (a) C2,v point group structure with
mirror axes m0 and m1. (b) C4,v point group structure. (c) PT symmetry structure with Cs
point group.

Once the symmetry group that the optical structure satisfies is determined, the corresponding
character table can be used to partition the sub-tasks. Using the C4v point group structure shown
in Fig. 2(b) as an example, according to the character table, i.e., Table 1, the mirror symmetry
and rotational symmetry categorize all modes into five different symmetry types, namely A1, A2,
B1, B2 and E. The symmetry type of those modes is essentially the irreducible representation
in formal group theory language. Correspondingly, the original problem is also decomposed
into five decoupled sub-tasks, each corresponding to a symmetry type of modes, as shown in
Fig. 1(b). This decomposition provides inherent convenience for mode classification and analysis,
enabling the characteristics of modes in different sub-tasks to be identified before computations
are finalized [41]. The irreducible decomposition and the closure property of the symmetry
group ensure the completeness and fidelity between the sub-tasks and the original problem,
guaranteeing that all modes can be computed from all the sub-tasks. From a numerical perspective,
CSA-FEM can automatically transform the original large sparse matrix of standard FEM into
block diagonal matrices, such that the computational efficiency can be significantly improved via
parallel computing or other techniques (the efficiency in this work has been increased several
times without the use of parallel techniques).
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Table 1. Character table for C4,v point group

E 2C4 C2 σx σy

A1 1 1 1 1 1

A2 1 1 1 −1 −1

B1 1 −1 1 1 −1

B2 1 −1 1 −1 1

E 2 0 −2 0 0

2.3. Symmetry operation and boundary constraints

The symmetry operations in group theory provide a theoretical basis to use combined symmetries
in FEM modeling. Especially, the basic concepts on characters, character table and irreducible
representation can be found in the textbook on group theory [42,43]. The symmetry operation
corresponding to symmetry O is denoted as PO. When a given optical structure exhibits symmetry
O, all modes of this structure also possess the symmetry properties under the operation PO.
Specifically, acting PO on a mode ψ leads to the following relation,

POEψ(r) = M (O)Eψ(r), (2)

where Eψ(r) is the electric field of mode ψ, M (O) is the matrix of irreducible representation
corresponding to symmetry O, which describes the constraints imposed by symmetry on modes of
different sub-tasks. The specific values of M (O) can be referred to in the Bilbao Crystallographic
server [44]. The character in the character table is the trace of M. In the one-dimensional
irreducible representation, the character and M are the same. For detailed information about
symmetry operations, please refer to Supplement 1 or Xiong’s work [45]. Using Eq. (2), we can
derive the boundary constraints of MCD based on the constraints of symmetry O. There are two
situations outlined as follows,

1. When symmetry operation PO acts on non-degenerate modes ψi, M (O) degenerates into a
scalar and is the character, and Eψ(r) = Eψi (r).

2. When symmetry operation PO acts on symmetry-protected degenerate modes ψ1,2,...,n, M (O)

is a matrix and Eψ(r) =
[︁
Eψ1 (r), Eψ2 (r), . . . , Eψn (r)

]︁T .

In the second situation, in order to properly truncate the domain, we need to reconstruct a modal
basis based on the principle of symmetry to conveniently apply constraints in FEM modeling.
We use the C4v point group structure as an example to illustrate these two situations, as shown in
Fig. 2(b). This structure encompasses both mirror and rotational symmetries.

Consider sub-task A1 as an example of non-degenerate modes pertaining to the first situation.
The M is selected corresponding to the symmetry type A1, i.e., M(σx) = 1, M(c4) = 1. The
spatial symmetry operation on the modes results in POE(r) = OE(O−1r), where O is the matrix
corresponding to symmetry O. Utilizing the mirror symmetry σx and Eq. (2), we derive that
σxE(σ−1

x r) = E(r), where σx is the matrix corresponding to mirror symmetry σx. Hence, we
derive the symmetry constraints on the MCD boundary as

σxE(rm0 ) = E(rm0 ), (3a)

σxE(rr1 ) = E(rr0 ), (3b)

where the MCD boundary m0 and r0 are represented by r = rm0 and r = rr0 , respectively.
Similarly, the rotational symmetry c4 leads to c4E(c−1

4 r) = E(r), where c4 is the corresponding

https://doi.org/10.6084/m9.figshare.27087862
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matrix. As Pc4 acts on the MCD boundary r0, one shall have,

c4E(rr1 ) = E(rr0 ). (4)

Therefore, from Eq. (3a), we obtain ê0 × Et(rm0 ) = 0 and Ez(rm0 ) = Ez(rm0 ). From Eqs. (3b)
and (4), we obtain ê1 × Et(rr0 ) = 0 and Ez(rr0 ) = Ez(rr0 ). This means that PMC is satisfied on
both MCD boundary m0 and r0.

We proceed to discuss the second situation, wherein the two modes belong to sub-task E and
are doubly degenerate, i.e., Eψ = (Eψ1 , Eψ2 )

T . Degenerate modes ψ1 and ψ2, shown in Fig. 3,
are symmetric and anti-symmetric with respect to the mirror symmetry σx, respectively, as

Pσx
⎛⎜⎝

Eψ1

Eψ2

⎞⎟⎠ = ⎛⎜⎝
1 0

0 −1
⎞⎟⎠ ⎛⎜⎝

Eψ1

Eψ2

⎞⎟⎠. Rotational symmetry c4 transforms degenerate modes into

each other, that is Pc4
⎛⎜⎝

Eψ1

Eψ2

⎞⎟⎠ = ⎛⎜⎝
0 1

−1 0
⎞⎟⎠ ⎛⎜⎝

Eψ1

Eψ2

⎞⎟⎠. According to the matrix diagonalization,

we utilize ψ1 and ψ2 to reconstruct a pair of new degenerate modes, Eϕ1 = Eψ1 + iEψ2 and

Eϕ2 = Eψ1 − iEψ2 . The new modes φ1 and φ2 satisfy Pc4
⎛⎜⎝

Eϕ1

Eϕ2

⎞⎟⎠ = ⎛⎜⎝
i 0

0 −i
⎞⎟⎠ ⎛⎜⎝

Eϕ1

Eϕ2

⎞⎟⎠ and

Pσx
⎛⎜⎝

Eϕ1

Eϕ2

⎞⎟⎠ = ⎛⎜⎝
1 0

0 1
⎞⎟⎠ ⎛⎜⎝

E∗
ϕ1

E∗
ϕ2

⎞⎟⎠. The new degenerate modes is completely decoupled under

σx and c4, and one-eighth of the single mode field can be used to restore the complete mode
field based on symmetry principle. It should be noted that it is actually impossible to distinguish
between φ1 and φ2 in FEM, so the symmetry constraint corresponding to either one of them can
be used. Hence, we derive the symmetry constraints on the MCD boundary for the degeneracy
situation,

σxE(rm0 ) = E∗(rm0 ), (5a)

σxE(rr1 ) = E∗(rr0 ), (5b)

c4E(rr1 ) = iE(rr0 ). (5c)

As a result, from Eq. (5a), we obtain ê0 × E(E)
t,r (rm0 ) = 0, E(E)

z,r (rm0 ) = E(E)
z,r (rm0 ), ê0 · E(E)

t,i (rm0 ) = 0,
and E(E)

z,i (rm0 ) = 0, where the subscript r/i represents the real/imaginary part of the mode field.
From Eqs. (5b) and (5c), we obtain ê1 · E(E)

t,i (rr0 ) = ê1 · E(E)
t,r (rr0 ) and E(E)

z,i (rr0 ) = E(E)
z,r (rr0 ). The

derivation of boundary constraints for the combination of spatial symmetry and space-time
symmetry is identical to that for the combination of spatial symmetries.

Abs(Mode φ1/φ2)Mode ψ1 Mode ψ2

c4

c4

Fig. 3. Reconstruction of modes based on symmetry-protected degenerate modes. c4
rotates 90◦ counterclockwise. After rotating by 90◦, ϕ1 and ϕ2 interchange, while φ1 and
φ2 remain unchanged.
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2.4. Finite element implementation for modal analysis

In order to facilitate FEM to solve the eigenvalue problem, the variable substitution is used to
make et = γEt, ez = Ez. The transverse component et and the longitudinal component ez of the
electric field are expanded on vector basis and scalar basis respectively as˜︁et =

∑︁m
j=1 et,jαj(x, y)

and˜︁ez =
∑︁m

j=1 ez,jαj(x, y), where˜︁et and˜︁ez denote the numerical electric field, αj(x, y) denotes the
vector basis functions implemented by the first type of Nédélec elements, et,j is the corresponding
coefficient. It is worth noting that ê · αj(x, y) = 1 and ê × αj(x, y) = 0, thus ê · Et = 0 represents
PEC and ê × Et = 0 represents PMC. αj(x, y) denotes the scalar basis functions using Lagrange
elements and ez,j is the corresponding coefficient. Implementing standard FEM procedure can
lead to matrix form of Eq. (1),

Ax = λBx, (6)

where λ = γ2 is the eigenvalue, A and B are system matrices, and x is the DOFs vector.
In combination with rotational symmetry and mirror symmetry to calculate degenerate modes

of sub-task E, the boundary constraints involve the real and imaginary parts of the mode fields.
Meanwhile, Eq. (6) can be written in the following form,

⎛⎜⎝
A 0

0 A
⎞⎟⎠ ⎛⎜⎝

xr

xi

⎞⎟⎠ = λ ⎛⎜⎝
B 0

0 B
⎞⎟⎠ ⎛⎜⎝

xr

xi

⎞⎟⎠ , (7)

where xr/xi is the real/imaginary part of x. From the boundary constraints in the preceding
subsection, constraints on the DOFs can be derived as follows,

x = Px′, (8)

where x =
(︂

xr,MCD xr,r0 xr,m0 xi,MCD xi,r0 xi,m0

)︂T
is the original DOFs vector, P =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

I 0 0 0 0 0

0 I 0 0 I 0

0 0 I 0 0 0

0 0 0 I 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠

T

is the transformation matrix, x′ =
(︂

xr,MCD xr,r0 xr,m0 xi,MCD

)︂T

is the modified DOFs vector, the subscript MCD/r0/m0 represents the coefficients within the
calculation domain/on the MCD boundary r0/on the MCD boundary m0, I is the identity matrix.
By using matrix operations and Eq. (8), Eq. (7) can be written as [46],

P† ⎛⎜⎝
A 0

0 A
⎞⎟⎠Px′ = λP† ⎛⎜⎝

B 0

0 B
⎞⎟⎠Px′. (9)

So far, we have obtained the eigenvalue problem with imposed boundary constraints. Solving
Eq. (9) can result in the mode field and the effective refractive index.

When combining space-time symmetry and spatial symmetry, the boundary constraints also
involve the real and imaginary parts of the mode fields. As it is a pseudo-Hermiticity system,
Eq. (6) can be written in the following form,

⎛⎜⎝
Ar −Ai

Ai Ar

⎞⎟⎠ ⎛⎜⎝
xr

xi

⎞⎟⎠ = λ ⎛⎜⎝
Br −Bi

Bi Br

⎞⎟⎠ ⎛⎜⎝
xr

xi

⎞⎟⎠ . (10)

Similarly, boundary constraints imposed from combined PT symmetry and mirror symmetry
can be included using identical procedures as described in Eqs. (8) and (9).



Research Article Vol. 32, No. 22 / 21 Oct 2024 / Optics Express 39252

3. Results and discussion

We validate the efficacy and efficiency of our method through two numerical examples, and
compare the results obtained by CSA-FEM with those of standard FEM. Our method employs mesh
density consistent with that of standard FEM and utilizes the same eigen solver. All numerical
results are generated using MATLAB with home-made code. The MATLAB implementation of
our CSA-FEM procedure is open-source and available on GitHub [47].

3.1. PT-symmetric waveguide array

To illustrate the combination of space-time symmetry and spatial symmetry, we use a pseudo-
Hermiticity SSH model with PT symmetry defined by a finite coupled optical waveguide, as
depicted in Fig. 4(a). The parameters c1 and c2 represent the distances between two adjacent
waveguides, with red and blue colors symbolizing the gain and loss waveguides, respectively. N
is the number of waveguide pairs, d is the diameter of the waveguides, and λ0 is the vacuum
wavelength. We set N = 10, c2 = 0.5λ0, d = 0.4λ0, ϵr = 2.25 + 0.1i in the gain medium, and
ϵr = 2.25 − 0.1i in the loss medium. Given the mirror symmetry and PT symmetry of the
structure, we can utilize CSA-FEM to enhance the efficiency of modal analysis, and the MCD is
indicated by the white dashed line in Fig. 4(a). As shown in Fig. 4(b), at c1 = 3c2, the mode
diagram of the SSH model displays a pair of edge states in the gap between the two bands.
Red crosses represent standard FEM calculation results, while blue circles indicate those from
CSA-FEM, both are consistent.

Figure 4(c) illustrates the exceptional point curve for a pair of PT symmetry protected
modes, where the straight lines represents calculation results from standard FEM and the circles
donate results obtained from CSA-FEM. Before PT symmetry breaking, from Eq. (2), we have
Eψ1/ψ2 (r) = E∗

ψ1/ψ2
(−r). After PT symmetry breaking, degenerate modes ψ3/ψ4 transforms into

each other under PT symmetry. Similar to the treatment of degenerate modes in Subsection
2.3, we reconstruct a new pair of modes, Eϕ1 = Eψ3 − Eψ4 and Eϕ2 = Eψ3 + Eψ4 , satisfying

PPT
⎛⎜⎝

Eϕ1

Eϕ2

⎞⎟⎠ = ⎛⎜⎝
−1 0

0 1
⎞⎟⎠ ⎛⎜⎝

Eϕ1

Eϕ2

⎞⎟⎠. Figure 4(d) shows the mode fields corresponding to modes

ψ1 and ψ2 before PT symmetry breaking, restructured modes φ1 and φ2 after PT symmetry
breaking, and recovered modes ψ3 and ψ4. These mode fields were all obtained through
calculations using CSA-FEM and reconstructed over the entire domain by utilizing Eq. (2)
from MCD. The relationship between ψ3/ψ4 and φ1/φ2 is essential for recovering the coupled
mode fields after PT symmetry breaking. The recovery of modes ψ3 and ψ4 numerically proves
that coupling occurred after PT symmetry breaking, and that this coupling can be decoupled
through mode restructuring. When combining spatial symmetries, mode fields can similarly
be recovered to the entire domain by applying Eq. (2). In Fig. 4(c), the computation time for
the standard FEM is 72.5s, whereas the total computation time for the CSA-FEM is only 19.7s,
representing approximately a fourfold improvement. This example demonstrates the effectiveness
and efficiency of our method.

3.2. Hollow-core fiber

The hollow regions of hollow-core fibers are typically much larger than the wavelength of light,
leading to the support of multiple modes during the design phase. Additionally, the effective
refractive indices of these various modes are almost identical, which further imposes challenges
on the modal analysis. We perform modal analysis on a hollow-core fiber, as depicted in Fig. 5(a),
where d = 20um, r = 12um, t = 0.5um, nSiO2 = 1.4378, and the dashed black line represents
the MCD. The hollow-core fiber satisfies the C8,v point group symmetries. Based on symmetry
properties of rotational symmetry c8 and mirror symmetry σx, one can divide the original
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Fig. 4. Pseudo-Hermiticity SSH model. (a) Schematics of the SSH model with N
waveguides, where red and blue colors indicate gain and loss, respectively. (b) Band structure
with N = 10, c2 = 0.5λ0, c1/c2 = 3. (c) Exceptional point curve with N=10 by varying
c1/c2. (d) Mode fields before and after PT symmetry breaking.

problem into seven sub-tasks A1, A2, B1, B2, E1, E2, and E3. We calculate the first 32 modes
with higher effective refractive indices and plot the dispersion curves for six of these modes as
shown in Fig. 5(b). The straight lines represent the results calculated by standard FEM, while
the circles denote those calculated using CSA-FEM. Figure 5(b) clearly demonstrates that our
method can separately calculate modes for different sub-tasks, effectively distinguishing them
and significantly enhancing the analysis efficiency in the design of multimode fibers. Figure 5(c)
displays the mode fields of the six selected modes. The white dashed line denotes the domain
calculated by CSA-FEM, while the rest is depicted by the results from standard FEM, with an
opacity set to 70%. The results obtained through our method are consistent with those from the
standard FEM.

As shown in Table 2, we summary the MCD, number of DOFs, and number of tasks in
FEM modeling utilizing different symmetries. The number of modes calculated per task is
approximately equal to the total number of modes divided by the number of tasks. Although
CSA-FEM requires calculating seven sub-tasks separately, the total calculation time is only 123.5
second, compared to 2861.6 second for standard FEM, thereby enhancing the calculation speed
by 23 times. Compared to the standard FEM using single and double mirror symmetry, the
computational speed of the method presented in this paper is increased by a factor of 10 and 5,
respectively. Therefore, CSA-FEM has more sub-tasks, smaller MCD, fewer DOFs, resulting in
faster computational efficiency. When combining mirror symmetry and PT symmetry, although
the DOFs remain the same as when using only mirror symmetry, the matrix changes from a
complex matrix to a real matrix, effectively reducing the computational load by half.
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Fig. 5. Numerical example of a hollow-core fiber with the C8,v point group. (a) Structure
of the hollow-core fiber, where MCD represents the CSA-FEM modelling domain. (b)
Dispersion curves corresponding to six modes, where straight lines are results from standard
FEM, and circles are results from CSA-FEM. (c) Mode fields of the six modes.

Table 2. Summary of FEM symmetry, domain, number of DOFs and number of tasks

Symmetry MCD Number of DOFs Number of tasks Computation timea

- D M 1 2861.6 second

σx D/2 M/2 2 1224.4 second

σx, σy D/4 M/4 4 683.2 second

σx, PT D/4 M/2 2 -

σx, cN D/2N M/N, M/2N ⌊N/2⌋+{2,3}b 123.5 second

aCalculations were conducted using the structure shown in Fig. 5(a) as an example.
bTaking the value of 3 if N is even, or 2 if N is odd.

4. Conclusion

In summary, we systematically study the combination of different symmetries including spatial
symmetry in point groups and space-time symmetry in pseudo-Hermiticity systems for numerical
analysis of modal problem, and propose the CSA-FEM. Based on the irreducible representations
of point groups and their enclosed property, we decompose the original problem into several
decoupled sub-tasks, each corresponding to different symmetry type of modes and can recover the
original problem. Compared to the standard FEM, our method not only enhances the efficiency
of modal analysis significantly but also facilitates the design of complex optical waveguides
by directly classifying modes based on their symmetry types. Furthermore, in dealing with
symmetry-protected degenerate modes, we numerically reconstruct these modes, offering a novel
perspective for understanding and computing degenerate modes. We provide the source code
of CSA-FEM for download and use. Considering the fundamental role of symmetry in optics,
this symmetry-based method is universal and easily extendable from FEM to other numerical
methods such as FDM and transfer matrix method. We envisage that the general framework on



Research Article Vol. 32, No. 22 / 21 Oct 2024 / Optics Express 39255

symmetry adapted finite element modeling paves an important step towards symmetry adapted
numerical modeling techniques beyond the optical finite element method.
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