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Abstract—Symmetry is widely used to analyze the optical 

properties of photonic devices, which can improve the efficiency 

and accuracy of full-wave simulations.  Existing optical full-

wave simulations mostly use a single symmetry to simplify the 

calculations.  In this work, we lay out the theoretical foundation 

and numerical implementation of the finite element method 

(FEM) that combines various symmetry operations, 

significantly improving the computational efficiency.  Our 

method integrates multiple spatial or non-spatial symmetry 

operations, decomposing the original problem into several 

decoupled sub-problems for analyzing the vector eigenmodes of 

photonic devices.  We employ our proposed method to compute 

the vector eigenmodes of two-dimensional optical waveguides 

and conduct a comparative analysis against the standard FEM.  

The obtained results demonstrate excellent agreement between 

our method and std. FEM while simultaneously showcasing 

enhanced computational efficiency multiple times at least. 

Furthermore, our method classifies the eigenmodes directly 

based on symmetry, with one category of eigenmode 

corresponding to one sub-task, which is beneficial for analyzing 

and designing waveguide modal characteristics. 
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I. INTRODUCTION  

Symmetry is widely used to qualitatively analyze the 
optical properties of photonic devices, and also quantitatively 
to study photonic devices with enhanced efficiency and 
accuracy using full-wave simulations. For instance, symmetry 
has been used to enhance optical nonlinearity[1] , to analyze 
and classify waveguide modes[2], and to design symmetry 
protected photonic topological edge states[3] or the 
construction of coupled mode theory[4]. Meanwhile, 
symmetry can simplify numerical calculations of photonic 
devices and reduce computational complexity in 
computational photonics. Indeed, mirror-symmetric optical 
devices has been routinely truncated using perfect electric 
conductor (PEC) or perfect magnetic conductor (PMC) 
conditions to halve the computational domain[5]. As  for 
calculating the eigenmodes of photonic devices with cN 
symmetry, the calculation domain can be truncated into 1/N 
using rotational Bloch boundary conditions[6].  

Notably, aforementioned studies on simplifying photonic 
device calculations through symmetry mainly focus on a 
single symmetry. In contrast, many photonic devices 
intrinsically possess multiple symmetries. In recent years, 

there has been significant progress in leveraging multiple 
symmetry operation to reduce the computational complexity 
of device dynamics. Little effort on taking advantage of 
symmetry arguments have been made in computational 
photonics. Theoretically, it is also possible to combine 
multiple symmetry operations to further simplify the 
computational complexity when numerically calculating the 
optical properties of photonic devices[7]. When combining 
symmetry operations, it is crucial to consider that the same 
symmetry imposes different constraints on different types of 
eigenmodes in computational photonics i.e., different 
reducible representations in the language of group theory. For 
instance, the application of mirror symmetry on electric fields 
presents two distinct cases: symmetric and anti-symmetric, 
which differ from dynamics. Determining how to choose the 
combined symmetry operations and their constraints to ensure 
the solution of all types of eigenmodes is not straightforward 
and has never been examined thoroughly in self-consistent 
manner.  

In this paper, we study the photonic device with multiple 
symmetry operation. We thoroughly revisit the utilization of 
symmetry in FEM introducing by group theory. It allows for 
the classification of photonic device eigenmodes based on 
their symmetry and provides a mathematical description of the 
symmetry exhibited by the eigenmodes[8], [9]. We show that 
the combination of multiple symmetries can facilitate the 
decomposition of the original eigenmode problem into several 
sub-problems, each capable of computing a specific class of 
vector eigenmodes. This decomposition not only streamlines 
the analysis of photonic device modes but also reduces 
computation time compared to the original problem. Because 
our method classifies modes based on symmetry before 
solving, it can calculate specific categories of modes only, 
which provides a comprehensive approach for waveguide 
analysis and modal characteristic design. The framework 
proposed in this paper includes the widely used method of 
truncating the calculation domain through two kinds of mirror 
symmetry, and extends to the combination of rotational 
symmetry, and even space-time symmetry. Additionally, we 
have illustrated that different sub-problems can be 
concurrently computed, resulting in significant improvements 
in computational efficiency. Although the exploration of 
parallel computation is beyond the scope of this paper, there 
is no doubt that parallel computation in combination with our 
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method can further speed up the computational process if 
multiple symmetry types exist.  

II. THEORY AND METHODS 

A. Symmetry operation and character table 

The eigenmode of photonic devices satisfy the vector 
wave equation,  

 ∇×μ
r
-1∇×E(r)-k0

2
ϵrE(r)=0, (1) 

where ∇ is the del operator, μ
r
 is the relative permeability, ϵr 

is relative permittivity, k0 is the wave number in vacuum, and 

E(r) is the eigenmode field. In the waveguide modal analysis, 
the transverse and longitudinal components of the electric 
field can be separated and written as 

E�r�=�Et�x,y�+z�Ez�x,y��e-γz , where γ=α+jβ is the complex 
propagation constant. In group theory, the matrix 

corresponding to the spatial symmetry O is denoted as O� , and 

the corresponding symmetric operator is PO . If 

O�ϵr 	O� -1
r
 O� -1

=ϵr(r) , O�μ
r

	O� -1
r
 O� -1

=μ
r
(r) , then the 

photonic device has O spatial symmetry. When the device has 
O spatial symmetry, the eigenmodes of the device will also 

have the same symmetry, POE�r�=χ�O�E�r�=O�E(O� -1
r), that 

is,  

 χ�O�E�r�=O�E(O� -1
r), (2) 

where χ�O� is the character of symmetry O and describes the 
constraints of symmetry on different classifications of 
eigenmodes. The collection of all spatial symmetry 
operations in a non-periodic photonic device is referred to as 
the point group. The character table of point group classifies 
the eigenmodes and lists the characters of all symmetry 
operations acting on each class of modes. Table I shows the 

character table corresponding to the C2,v point group, which 

classifies the eigenmodes of photonic devices with C6,v 

symmetry into six different types, i.e., A1 , A2 , B1 , B2 , E1 , 

and E2. E1 and E2 are degenerate modes. From the character 
table, it can be deduced that the eigenmodes of this device 
possess rotational symmetry and mirror symmetry. The 

mirror symmetry operator σv has a mirror symmetric effect 

on mode A1 , Pσv
A1=χ�σv�A1 , where the character χ(σv)=1. 

The mirror symmetry operator �
  has a mirror anti-

symmetric effect on mode A2 , Pσv
A2=χ�σv�A2 , where the 

character χ(σv)=-1 . The mode categories in Table I have 

specific corresponding relationships with the LP modes of the 
waveguide[2]. 

Based on the classification of modes by character tables, 
we can decompose the initial eigenvalue problem of photonic 
devices into multiple sub-eigenvalue problems using 
symmetry, each sub-eigenvalue problem calculates a class of 
modes. Since each class of mode corresponds to an 
irreducible representation in the character table, all sub-
eigenvalue problems are complete and completely decoupled. 
Using character table, we can classify and select the 
appropriate symmetries and their character in order to 
calculate all the eigenmodes of the photon device without 
omission. When selecting symmetries, it is important to 
consider that the combined symmetry can be applied in the 
same truncation domain and to minimize the size of the 
truncation domain. Point group only includes spatial 
symmetries, while some space-time symmetries, such as MT 
symmetry[10], can also be combined with spatial symmetries 
to further truncate the calculation domain. Therefore, when 
using combined symmetry operations to truncate the 
calculation domain of photonic devices, this paper discusses 
two cases: one is to only use point group symmetries, and the 
other is to use space-time symmetry symmetries. 

B. Combination of point group symmetries 

When only using point group symmetries, the symmetries 
are selected, and constraints are imposed on the eigenmodes 
based on the character table. In the two-dimensional point 
group, there are only two symmetries: rotational symmetry 
and mirror symmetry. Therefore, in this case, the calculation 
domain can only be truncated by using the combination of 
rotational and mirror symmetries. Taking an example of the 

CN,v (N>2) point group symmetric structure, selecting the 

rotational symmetry CN  and the mirror symmetry σv 
minimizes the truncation domain. The matrix corresponding 

to rotational symmetry CN is R��θ�= �cos θ - sin θ 0

sin θ cos θ 0

0 0 1

�, and 

The matrix corresponding to mirror symmetry σv  is 

S��θ�= �cos 2θ sin 2θ 0

sin 2θ - cos 2θ 0

0 0 1

� . From (2), the rotational 

symmetry CN  imposes constraints on the eigenmode as 
follows, 

 χ�CN�E�r�=R� 	2π

N

 E 	R� -1 	2π

N

 r
 . (3) 

The constraint of mirror symmetry σv on the non-degenerate 
modes  is as follows, 

 χ�σv�E�r�=S��θ�E 	S� -1�θ�r
 . (4) 

The constraint of mirror symmetry σv  on the degenerate 
modes is as follows, 

 E�r�=S��θ�E* 	S�-1�θ�r
 . (5) 

By utilizing (3), (4), and (5), combined symmetric boundary 
conditions can be obtained for truncating the calculation 

TABLE I.  CHARACTER TABLE FOR C6,V POINT GROUP TABLE TYPE 

STYLES 

 E 2C6 2C3 C2 3σv 3σd 

A1 1 1 1 1 1 1 

A2 1 1 1 1 -1 -1 

B1 1 -1 1 -1 1 -1 

B2 1 -1 1 -1 -1 1 

E1 2 1 -1 -2 0 0 

E2 2 -1 -1 2 0 0 
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domain. It should be noted that the method of truncating the 
calculation domain with respect to the mirror symmetry about 
the x-axis and the mirror symmetry about the y-axis, which is 
currently widely used in FEM, is included in our method 

framework. That is, C2v point group and its character table 
are used to build boundary constraints. The use of two mirror 
symmetry to truncate the calculation domain is a special case 
of combined symmetric boundary conditions, and it is only 

applicable to the case of using C2v  point group symmetry. 

When CN,v(N>2) point group symmetry is used, only mirror 

symmetry cannot describe the constraints on degenerate 
modes, and the combination of rotational symmetry and 
mirror symmetry must be used. 

C. Combination of point group symmetry and space-time 

symmetry 

When utilizing space-time symmetry, it is still necessary 
to select the symmetry and impose constraints on the 
eigenmodes based on the character table. Meanwhile, all 
classifications of eigenmodes in the character table satisfy 
space-time symmetry. Therefore, it is only necessary to select 
the symmetry that can combine with space-time symmetry 
from the character table to construct constraints on the 

eigenmodes. Taking a structure with CN point group and MT 

symmetry as an example, we choose rotational symmetry cN 
and MT symmetry to truncate the domain. The rotational 

symmetry cN  still satisfies (3) for the eigenmode field 
constraints, and the MT symmetry imposes constraints on the 
eigenmodes that satisfies (5). By employing (3) and (5), one 
can obtain the combined symmetric boundary conditions 
used for truncating the calculation domain. 

III. RESULTS AND DISCUSSIONS 

To verify the effectiveness of the method proposed in this 
paper, we analyze through the numerical example of a 
complex two-dimensional photonic crystal waveguide. The 
case of point group symmetry will be illustrated using the 

CN,v point group symmetry structure as an example, while the 

case of space-time symmetry will be illustrated using the CN 
point group and MT symmetry structure as an example. 
Based on the symmetry employed, we label the two discussed 

cases as CN,v-FEM and CN,σvT-FEM. All numerical results 

are obtained by MATLAB with home-made code. In this 
paper, the mesh density is denoted as S, and the maximum 

element size is set to 
λ

S
, where �  is the wavelength. To 

compare the accuracy under different mesh densities, we 
define the following error function, 

 Err=
1

M
∑ �neff,i

2�FEM�
-neff,i

2�REF��
n

eff,i
2�REF�M

i=1 , (6) 

where M is the number of eigenmodes, neff,i

(FEM)
 represents the 

effective refractive index of the i-th eigenmode for the 

method to be compared, and neff,i

(REF)
 represents the reference 

effective refractive index of the i-th eigenmode. It is worth 
emphasizing that by defining the error in this way, the offset 
between the calculated effective refractive and the reference 
effective refractive makes the change in the defined error 
more significant, which helps to validate the accuracy of our 
approach. 

To verify the robustness of our method, we calculate the 
dispersion curves of more complex photonic crystal 
waveguides. The photonic crystal waveguide structures are 

shown in Fig. 1. When ϵr=2.1  and μ
r,1

=1 , indicating the 

medium is isotropic media, the photonic crystal waveguide 

possesses C6,v point group symmetry, which is suitable for 

modal analysis using CN,v -FEM. When ϵr=2.1  and 

μ
r
= � 1 -0.51i 0

0.51i 1 0

0 0 1

� , meaning the medium is an 

anisotropic medium satisfying S�μ
r
* 	S� -1

r
 S� -1
=μ

r
�r� , so the 

optical waveguide has MT symmetry and C6  point group 

symmetry, enabling modal analysis using CN,σvT-FEM. The 

dispersion curves of photonic crystal waveguides with the 
mesh density of 8 and wavelengths ranging from 1.35um to 
1.75um are calculated using both our method and standard 
FEM. The results of dispersion curve are shown in Fig. 1b 
and Fig. 1c, corresponding to the medium being isotropic and 
anisotropic materials, respectively, where it can be observed 
that our method yields consistent results with standard FEM 
even for complex structured waveguides.  

Fig. 2 shows accuracy and efficiency improvement of 

standard FEM, σv -FEM, CN -FEM and our method under 
different mesh densities. All FEM methods calculate the first 
200 eigenmodes of waveguides and compute the relative 
error with respect to the reference results using (6). Our 
method requires multiple calculations, so the computational 

 
Fig. 1. The structure of photonic crystal waveguide and dispersion 
curve. (a) the structure of optical waveguides. (b). dispersion curve when 
the core is isotropic material. (c). dispersion curve when the core is 
anisotropic material.  

 
Fig. 2. Accuracy and efficiency improvement of different FEM methods 
relative to standard FEM. (a) and (c) represent the results of the photonic 

crystal waveguide with C6,v point group symmetry. (b) and (d) represent the 

results of the photonic crystal waveguide with C6 point group symmetry and 
mirror time-inverse symmetry. 

Authorized licensed use limited to: Huazhong University of Science and Technology. Downloaded on May 06,2026 at 08:04:45 UTC from IEEE Xplore.  Restrictions apply. 



time is the sum of several sub-eigenvalue problem 
computation times. As shown in Fig. 2a and 2b, the 
calculation accuracy of the structure in Fig. 1a is illustrated. 

The structure with μ
r
= � 1 -0.51i 0

0.51i 1 0

0 0 1

�  lacks mirror 

symmetry, so only the standard FEM, CN -FEM, and the 
method proposed in this paper are used. Our method 

demonstrates consistent calculation accuracy with CN-FEM 
and standard FEM. Fig. 2c and 2d are plotted taking standard 
FEM as the baseline at the same mesh density to showcase 
the relative speed improvement achieved by different 
methods compared to standard FEM. Compared to standard 
FEM, our method achieves about an order of magnitude 
improvement in computational efficiency, and compared to 

CN -FEM, our method achieves approximately double the 
improvement. These results indicate that our method also 
possesses a significant advantage in computational efficiency 
when analyzing eigenmode of complex waveguide structures.  

Our method classifies the eigenmodes based on symmetry. 
Therefore, we discuss the number of eigenmodes calculated 

for different classifications. In CN,v -FEM, when q=0, 

χ�σv�=1/-1  corresponds to eigenmode A1 / A2 ; when q=3, 

χ�σv�=1/-1  corresponds to eigenmode B1 / B2 ; q=1/5 

corresponds to eigenmode E1 ; q=2/4 corresponds to 

eigenmode E2 . In CN,σvT -FEM, q=0 corresponds to 

eigenmode A, q=3 corresponds to eigenmode B, q=1/5 

corresponds to eigenmode E1 , and q=2/4 corresponds to 

eigenmode E2. It should be noted that due to the lack of time 

inversion symmetry in the structure with 

μ
r
= � 1 -0.51i 0

0.51i 1 0

0 0 1

�, the degenerate eigenmodes protected 

by symmetry are broken. However, in order to correspond to 

character label, we still classify q=1/5 as the E1 eigenmode 

and q=2/4 as the E2  eigenmode. Calculate the first few 
hundred eigenmodes and count the number of different 
eigenmodes of classification. The results are shown in Table 
II. It can be seen that the proportions of different 
classification eigenmodes are fixed. Our method can classify 
eigenmodes based on symmetry and directly calculate 
eigenmodes of different classifications, which provides 
convenience for analyzing waveguide modes. 

IV. CONCLUSION 

Our study systematically investigates the utilization of 
point group symmetry and space-time symmetry in 
computing the vector eigenmodes of optical waveguides 
through FEM, employing group theory. We provide a 
theoretical framework for constructing combined symmetric 
boundary, which includes and extends the existing theories. 
When incorporating multiple symmetries, we distinguish two 
situations: employing only point group symmetry and 
combining point group symmetry with space-time symmetry. 
Our method classifies and solves modes based on symmetry, 
allowing for the calculation of specific LP modes only, and 
obtaining the characteristics of the electric and magnetic field 
components of the modes in advance. To demonstrate the 
effectiveness of our proposed method, we provide numerical 

cases for both CN,v-FEM and CN,σvT-FEM. In both instances, 

our approach yields comparable computational precision to 
existing methods while significantly enhancing 
computational efficiency. Our method is not only applicable 
to FEM, but also very easy to apply to other numerical 
methods, such as FDTD and transfer matrix method. 
Considering the fundamental role of group theory methods in 
optics and computational photonics, we argue that our work, 
which employs multiple symmetries to compute the vector 
eigenmodes of symmetric photonic structures, holds broad 
applicability and contributes vital information for eigenmode 
classification. Therefore, our work aids in the design and 
analysis of photon devices exhibiting multiple degrees of 
symmetry. 
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